EQUIVARIANT ZARISKI STRUCTURES 



VINESH SOLANKI 

Abstract. A category of equivariant algebras is defined, after introducing some important ex- 
amples. To each equivariant algebra, a first order theory is assigned. Model theoretic results are 
established (uncountable categoricity, quantifier elimination to the level of existential formulas) 
and that an appropriate dimension theory exists for models, making them Zariski structures. A 
functor from the category of equivariant algebras to the category of Zariski structures is defined 
and further properties of equivariant structures are briefly discussed. 



1. Introduction 

The present paper is comprised of a geometric model-theorist's attempts to do noncommutative 
algebraic geometry. The latter endeavour takes as its starting point the possibility of extending the 
anti-equivalence of categories CRing and AffSch (which denote the categories of commutative unital 
rings and afBne schemes respectively) to arbitrary rings and putative 'noncommutative schemes'; 
namely establishing that the following diagram commutes: 

CRing°^' - — ^ AfFSch 



Ring°f ^ NSch 

where NSch is a candidate for the category of noncommutative schemes. The author has adopted the 
viewpoint that geometric model theory can only interact with noncommutative algebraic geometry 
via the theory of Zariski structures; and indeed does so most naturally. This is a viewpoint he now 
wishes to justify. 

Firstly, an investigation of important applications of geometric model theory to questions of commu- 
tative algebraic geometry (specifically diophantine geometry) indicates that a difference of approach 
is currently needed if our endeavours are to succeed. The methodology of such applications can be 
summarized as follows. One selects appropriate structures (e.g. algebraically closed fields, differen- 
tially closed fields, separably closed fields), establishes what 'stability class' the structures belong 
to and deduces results about definable sets by applying the relevant abstract model-theoretic tools 
associated with this stability class 0. Crucially, the language and techniques of geometric model 
theory, with its emphasis on stability and appropriate generalizations of this notion, independence 
and ranks, working in a universal domain etc, is closer in spirit and language to Weil's foundations 
than scheme theory. One certainly does not work at the level of generality of an arbitrary commu- 
tative ring. For any hope of applying model theory to noncommutative algebraic geometry, it seems 
that one should remain (at the very least) in a suitably geometric setting and look for geometric 
counterparts to suitable classes of noncommutative /c-algebras, where k is an algebraically closed 
field. But at the same time, there seems to be no reason for suspecting that there is a nice structure 
whose definable subsets can be regarded as coordinate rings of a sufficiently interesting and large 
class of noncommutative fc-algebras. It is not possible to do any 'naive' noncommutative algebraic 
geometry in the manner that one can work with varieties as subsets of afhne or projective space. 
The language of schemes and category-theoretic generalizations of it are indispensable for most of 
the popular existing approaches to noncommutative algebraic geometry ( |Mah06| . [Ros95| ) . 



"'^The articles |Mac03j and |Hru98) contain an introduction to methods of geometric model theory; |B99) discusses 
the specific application of these methods to Mordell-Lang. 
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Rather, we are forced to 

• find a systematic means of associating a structure to a given noncommutative /c-algebra, 
suitably axiomatized in an appropriate language. 

• ask whether these structures share any common geometry. 

An association of structures to algebras should be functorial if it is to be systematic; thus we must 
work with a geometric category of structures not necessarily all defined in the same language. If 
we are aiming for an extension of commutative algebraic geometry then a basic intersection theory 
resembling the commutative case should exist, i.e. some well-behaved notion of dimension should 
exist for a large class of subsets of each noncommutative structure. It transpires that these rather 
basic requirements lead us to stipulate that the associated structures are Zariski structures. We 
work with the definition of |ZillOj : 

Definition 1.1. Let "K. be a set. A Zariski structure^ on X consists of a Noetherian topology on 
X" for every n > and an N-valued dimension function dim on non-empty projective subsets (finite 
unions of projections of closed subsets) satisfying the following properties: 

(1) The dimension of a point is 0. 

(2) dim(Pi U P2) = maxjdimPi, dimP2} for all projective subsets Pi, P2. 

(3) For C closed and irreducible in X" and Ci a closed subset of C, if Ci 7^ C then dimCi < 
dim C. 

(4) For C irreducible and closed in X", if tt : X" — > X™ is a projection then 

dim C = dim 7r(C) + min dim(7r"^(a) n C) 

ae7r(C) 

(5) For any irreducible closed C in X" and projection map tt : X" — > X™, there is a subset V 
relatively open in 7r(C) such that 

min dim(7r"^(a) H C) = dim(7r"^(?;) n C) 

aG7r(C) 

for every u S V H 7r(C). 

Moreover, projections must be semi-proper, i.e. for any closed irreducible subset C of X" and 
projection map tt : X" — ^ X™ , there is a proper closed subset D of ttC such that ttC \ D C ttC. 
A Zariski structure is said to be presmooth if for any closed irreducible subsets Ci,C2 ofKJ^ the 
dimension of any irreducible component 0/ Ci H C2 is greater than or equal to 

dim Ci + dim C2 — dim X" 

A natural candidate for a morphism / : X — Y of Zariski structures is a function inducing 
a continuous map on X" for every n. Thus we have a category of Zariski structures with these 
morphisms, which we denote by Zar. Some familiarity with algebraic geometry (in particular results 
on the dimensions of fibers, |Har77] . II, Exercise 3.22) will allow one to conclude that varieties are 
Zariski structures, and are presmooth if the varieties are smooth. Hence the category of algebraic 
varieties is a subcategory of Zar. Moreover, like schemes, Zariski structures have the advantage of 
being abstractly given and not as sitting in some ambient structure. 

However, Zariski structures were not introduced to fulfill the purpose of being a model-theorists' 
answer to algebraic manifolds. Rather, they first appeared in }HZ96| as a response to the failure 
of Zilber's trichotomy conjecture. Roughly speaking, the trichotomy conjecture proposed that the 
geometry of certain subsets of models (the so-called strongly minimal sets) fell into three mutually 
exclusive classes; such geometries were either trivial, linear, or that of an algebraically closed field. 
After the ingenious refutation of this conjecture by Hrushovski, it was natural to ask whether there 
was a natural class of structures for which the trichotomy conjecture did hold. One-dimensional 



^Technically, according to the terminology of |ZillO| we shall be defining Noetherian Zariski structures as opposed 
to analytic Zariski structures. Because we do not deal with the latter, for the purposes of this thesis the adjective 
'Noetherian' can be dropped. 
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Zariski structures turned out to be such a class. For our purposes, two aspects of the work in 
[HZ96] are particularly important. Firstly, as already mentioned, projective algebraic curves are 
Zariski structures. Secondly, there are one-dimensional Zariski structures which are demonstrably 
not projective curves but are certain finite covers of them. These structures, rather than turning 
out to be mathematical pathologies, can be taken to be geometric objects corresponding to certain 
noncommutative algebras. In this regard, we mention the paper |ZS09j as providing an example of 
such a one-dimensional Zariski structure corresponding to a physically important algebra, namely 
the Heisenberg algebra. In short, Zariski structures corresponding to noncommutative algebras do 
exist that can be distinguished from projective curves by their geometry not being reducible to them. 

Given that there are one-dimensional non-classical Zariski structures (those not arising from al- 
gebraic curves) and that these correspond to certain noncommutative algebras, it is natural to 
expect that there are higher-dimensional Zariski structures corresponding to other noncommutative 
algebras. The paper |Zil06] establishes exactly this: that non-classical Zariski structures can be 
associated to a class of noncommutative algebras, described in the paper as 'quantum algebras at 
roots of unity'. The definition of such algebras can be simplified with some knowledge of ring theory 
and the results of [Zil06] shall be discussed in due course. The results of [ZS09] and [Z1IO6] provide 
sufficient evidence to propose the following conjecture. 

Conjecture 1.1. Let k be an algebraically closed field. Then there is a commutative diagram of 
functors 

(CAIg(fc) Zar^ 

Alg(A:)°P ^ Zar 



CA\g{k)fg int Finitely generated, commutative k 
Alg(fc) k-algebras 
Zar'^ Classical Zariski structures 



ebras that are domains 



where the functor Alg(fc)°^ — >■ Zar is an equivalence of categories. 

The conjectural functor is, of course, Alg(fc)°^ — > Zar and the work in this paper has the construc- 
tion of this functor as a focal point. To date, a general means of constructing a suitable such functor 
has not been found. As far as the author's work is concerned, the most fruitful modus operandi 
(both conceptually and pragmatically) has been the following: 

(1) Rather than attempting to construct a general functor Alg(fc)°^' — > Zar, isolate an interesting 
subcategory of /c-algebras A that contains a suitably large subcategory B of the category of 
affine commutative fc-algebras that are domains. 

(2) Constrain the algebraic characterisation of A by those additional assumptions necessary to 
associate an £^-structure nSpec A to every object A of A (where the language Ca depends 
on the object A) . The structure nSpec A should be a moduli space for certain representations 
of A, preferably those A-modules that 'generate' an interesting subcategory of the category 
of all left A- modules, a Mod. 

(3) Carry out an analysis of the definable subsets of nSpec A and conclude that nSpec A is a 
Zariski structure. 



■^The definition of Zariski structures appearing in |HZ96) is less general than Definition 11.11 because it stipulates 
that the underlying set X is one-dimensional in a suitable model-theoretic sense. When X is one-dimensional, both 
definitions coincide. We shall be dealing with Zariski structures where X has dimension > 1. Such Zariski structures 
will be referred to as higher-dimensional. 
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(4) Extend the correspondence A i— nSpec ^ to a functor nSpec : A''^' — > Zar and verify that 
the following diagram commutes: 

BOP ^ ^ c 



(5) Finally analyze the relationship between nSpec^ and ^Mod for every object A of A. 

It is appropriate to be a little bit more specific about syntax and related issues at this juncture. Let 
A' be our category of fc-algebras obtained after appropriate constraints are introduced in 2. Then to 
each algebra A in A' we associate an £^-theory Ta that is first-order axiomatizable. The structure 
nSpec A is then taken to be a large saturated model (universal domain) of Ta ■ In much the same 
way that the language of rings naturally axiomatizes the theory of algebraically closed fields, the 
language Ca is chosen to be natural for Ta- Moreover, the Zariski structure obtained on nSpecA 
should respect the theory Ta, in the sense that it arises from a suitable quantifier-elimination result. 
This particular methodology is uniquely model-theoretic and results in a topology that is rather 
descriptive. Crucial to this is the insistence in 2 on the structure nSpec A being a moduli space for a 
class of A-modules. Thus nSpec A incorporates the internal structure of the modules explicitly into 
the geometry. 

We now summarize the contents of this paper. We deal with a class of algebras which are described 
as equivariant. The choice of terminology here is motivated by important structures appearing 
in geometric representation theory; namely those line bundles L over a variety V endowed with an 
action of an algebraic group G, such that 

for all g G G, g{Lx) = Lgx and g : Lgx is a linear isomorphism 

where denotes the fiber oi L dX x € V . Such line bundles are said to be G-equivariant (see 
[RTT07| ). The structure corresponding to the Heisenberg algebra introduced in [ZS09j looked, at 
least superficially, to be an equivariant line bundle. However, further examination revealed some 
crucial differences. Firstly, there was no claim on local triviality. Secondly, whereas certain operators 
(a and a^^ for those familiar with the paper) did move between fibers in a manner that introduced 
an action of a group on the base, these two operators themselves didn't generate a group because 
they were not mutually inverse. It is the author's contention (and no doubt that of B. Zilber also) 
that such phenomena are characteristic of 'quantum' objects. Additional examples worked out in a 
similar vein (the quantum 2-torus by Zilber, Uq{s{2{k)) for generic q by the author) suggested that 
an appropriate formalism could be found that treated all of these examples (and more) collectively. 
We discuss these examples in Section 2 and the category of equivariant algebras (denoted Equiv(fc)) 
is defined in Section 3. It is not a full subcategory of Alg(fc) and an appropriate notion of a mor- 
phism in this category is given. We also show that given an object A of Equiv(fc), we can associate 
a first-order £yi-theory Ta to A. 

Sections 4 and 5 are devoted to the model theory of Ta under an additional technical assumption on 
Ta (F- rigidity), which the key examples mentioned in Section 1 are shown to satisfy. Uncountable 
categoricity and quantifier elimination results are established thus leading to the expected conse- 
quences for the category of definable subsets; namely that every definable subset is constructible 
for an appropriate topology on models. With this topology, an appropriate dimension theory turns 
each model into a Zariski structure. The method of technical analysis is that of |Zil06] . It is worth 
remarking that the condition of F-rigidity encapsulates precisely what is required for Ta to possess 
a rich structure theory, i.e. it is only for F-rigid Ta that models are Zariski structures. 

The final section concludes our excursion into equivariant algebras and their associated Zariski 
structures with the expected construction of a functor nSpec. Appendices are provided summariz- 
ing relevant background material for Lie algebras and Hopf algebras. To the author's knowledge, 
the structures nSpec A for general equivariant A have no precedent. They are also unusual in being 
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able to assign to certain noncommutative algebras parametrized at a generic parameter a bone fide 
topological space, in contrast to the approaches to noncommutative algebraic geometry surveyed. 

2. Some examples 

Three examples of noncommutative algebras are discussed, occupying a central place in physics, 
the theory of quantum groups and noncommutative geometry respectively. 

2.1. Weyl Algebra. Recall that for a commutative ring R, the n-th Weyl algebra An{R) (for 
n > 0) is defined to be 

R{xi, . . .Xn,dl, . . . , dn)/I 

where / is the ideal generated by 

diXj — Xjdi — Sij XiXj — XjXi didj — djdi for 1 < «, j < n 

We shall concentrate on the first Weyl algebra Ai{k) for k an algebraically closed field of character- 
istic 0. Firstly, we note that Ai{k) can be redefined in terms of three operators if, a, a^: 

ii=\{x'-dl) a=-L(a; + 5,) at = i=(z-5,) 

Because we are working in an arbitrary algebraically closed field, represents an element that 
squares to 2. The operator a^ is a formal adjoint to a, as an element of the differential ring Ai(k). 

Proposition 2.1. The following relations hold between H,a,a^: 

(1) ata = H - 1/2, aat = H + 1/2. 

(2) [a, at] = aat - a+a 1. 

(3) Putting N = H — 1/2, we have [N, at] = a^ and [N, a] = —a. Thus we also have 

[H,at]=at [H,a] = -a 

Proof. 1 and 2 are easy verification. For 3, use the fact that for any three operators A, B, C, we 
have the relation [A, BC] = {A, B\C + B{A,C\. □ 

In |ZS09) . a Zariski structure was associated to the Heisenberg algebra k(P,Q)/I where / is 
generated by [P, Q] + i. Similarly this algebra was also re-expressed in terms of operators H, a, a^ 
defined slightly differently to the above, namely by 

H = i(p2 + Q2) a=i=(P-iQ) at = -l(P-fzQ) 

The relations satisfied by these are, however, the same as in Proposition l2.1l The structure we define 
below is different to that of [ZS09| ; indeed the following structure originally appeared as a quotient 
of an initial (also Zariski) structure in that paper. The latter was important insofar as it provided 
another example of a one-dimensional Zariski geometry (a finite cover of the projective line) not 
definable in an algebraically closed field. For our purposes, we can start directly with the quotient. 

Definition 2.1. We consider a two-sorted language Cai = (fc, i, tt, E, H, a, a^) where 

(1) TT ; L — > fc and H, a, a^ : L ^ L are maps. 

(2) E C_ L X k is a relation. 

(3) The sort k has the language of rings. The sort L comes equipped with 

• a map + : L x L ^ L which is interpreted as addition of elements in each Tr~^{x) for 
X € k 

• a map ■ : k x L ^ L which is interpreted as scalar multiplication in each fiber Tr^^(x). 
The Cai -theory Tai says the following: 

(1) k is an algebraically closed field of characteristic 0. 

(2) TT : L ^ k is a surjective map; each fiber Tr~^{x) for x CI k is a one- dimensional k-vector 
space. 

(3) For each x Ek, the subset E(L,a;) is non-empty and E(L,x) C t:^^[x). 
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(4) We fix an Z e Z, / > 0, / even. If T[l] denotes the group of l-th roots of unity of k, then 
there is a free and transitive action ofT[l] on E(L, a;) induced by the vector space action on 
the fiber tt~^{x). 

(5) The map H is linear on each fiber and satisfies the following axiom 

(Vu e TT~^{x)){'H.v = xv) 

(6) The maps a and a^ are linear and move between fibers according to the following axiom: 

(Vw € TT^^{x)){Y^{v,x) -> {3v' e 7r^-^(x + l))(3y e fc)(y^ = a; A a'l'w = yv' A av' = yv)) 

Let (L, fc) 1= . Then i is a 'line bundle' over the base fc, though we do not claim local triviality. 
Each fiber 7r^^(x) is an a;-eigenspace for H. The elements E(L,a;) C 7r~^(a;) are to be regarded as 
normal basis elements of the fiber t:~^(x) which can be permuted by the group of Z-th roots of unity 
r[/]. This setup serves as a discrete (and algebraic) model for a well-known phenomenon encountered 
when dealing with normed vector spaces. If is a normed vector space over C and i; G V" is an 
element of norm 1, then so is av for any a S C such that |a| = 1. Of course, in this case there is 
an infinite group acting on the elements in V of norm 1. It will be seen, in the next chapter, 
that being able to permute the normal basis elements by a finite group is also essential for a decent 
structure theory for Ta^ ■ 

Proposition 2.2. Let {L,k) \— Ta^- Then {L,k) is a representation of Ai{k). 
Proof. Let e G tt^^{x) such that E{e,x) holds. Then there is e' G Tr^^{x + 1) such that 

Ha^e — yUe — {x + l)ye' y^ — x 

But 

{x + l)ye' = {x + l)sL^e = a^He + ah 
Thus [H, at]e = a^e. Similarly, we obtain that [H, a]e — — ae. Now 

aa^e = yae' = xe 

whereas 

a^ae = za^e" = {x — l)e 

where ~ x — 1 and e" G tt^^{x — 1). Thus [a, a^Je e as required. □ 

2.2. Uq{sl2{k)) for generic q. Let k be an algebraically closed field of characteristic 0, q G fc with 
q 7^ 0, ±1. The quantized enveloping algebra of sl2{k), denoted Uq{sl2{k)), is defined to be the 
fc-algebra with generators E, F, K^^ subject to the following relations 

KEK~^ = q^E KFR-^ = q-^F EE - EE = ^ 

q-q 

along with KK"^ — K^^K — 1. We associate a structure to this algebra when 5 is a generic 
parameter; namely when q is not a root of unity. 

Definition 2.2. Consider the two-sorted language Cq = {k,L,TT,E,E,E,K^^,q) where 

(1) n : L ~> k and E, E, K^^ : L ^ L are maps. 

(2) E C L X /c* is a relation. 

(3) q is a constant from the sort k. 

The sorts k, L are equipped with the same language as in condition 3 of Definition \2.l\ The first- order 
Cq-theory Tq states the following: 

(1) k is an algebraically closed field of characteristic 0. 

(2) (7" 7^ 1 for every n G N. 

(3) The map it : L ^ k* is surjective and each fiber 7r^^(a;) for x E k* is a one- dimensional 
k-vector space. 

(4) For each x E k* , the set E(L,a;) is non-empty and E(_L,a;) C Tr^^(^x). 

(5) Fix an I £ li, I > Q, I even. If T[l] denotes the group of l-th roots of unity of k, then there 
is a free and transitive actions of T[l] on E(L,x) induced by the vector space action on the 
fiber 'K^^{x). 
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(6) The K"^^ act on each fiber according to the following axiom: 

{Vv e Tr~''-){x){Kv = xv A K~''-v = 

The maps K^^ are linear. 

(7) The linear m,a,ps E and F move between the fi,bers according to the following axiom: 

(Vw e 'K-\x)){^{v,x) {3v' e TT-\q^x){3y € k) 

ly'^ =xAEv = X{y)v' A Fv' = -X{qx)v)) 

where X : L ^ k is defined by 

A(.) = ^ 
q-q 1 

If {L, k) \= Tq then each fiber 7r~^(a;) is an eigenspace for K with eigenvalue x. Each eigenspace 
contains a finite set of normal basis elements selected by E, and permuted by r[Z]. 

Proposition 2.3. Let {L,k) \= Tq. Then {L,k) is a representation of Uq{sl2{k)). 

Proof. Consider e e 7r~^(a;) such that E(e, a;) holds. Then there are y such that y^ = x and 
e' e 7r~^(g^a;) such that 

KEe = X{y)Ke! = X{y)q^xe' 

But 

EKe = xEe = xX(y)e' 

Thus KEe = q^EKe. Similarly KEe = q^^FKe. We shall now adopt the more intuitive notation 
x^^^ for the element y such that Ee — X{y)e' . Thus 



Ee 

and by the linearity of F, 



Zi — ' 

q-q 1 



{x-^'^ + x^'^){q-^x-^'^ + qx^'^) 

Whereas applying F first, 

-1/2 , 1/2 

Fe = -- i^e" e"Gn-\q-^x) 

q-q-^ 

II6IIC6 

(a;-V2 + a;V2)(5a;-i/2 + V/2) 

[q-q 

After some expansion and rearrangement, 

{EF - FE)e = 



q-q ^ 



as required. □ 

2.3. Quantum torus. Our final example will be a certain multi-parameter quantum torus C'q((A:^ )") 
where the parameters q will depend on some generic q. Recall that this is the /c-algebra with gen- 
erators {U^^ : 1 < z < n} subject to the relations 

UiUri = U-'Ui = 1 U^Uj = g^jUjU, for i < j 

We shall consider the following specific parameters 

qij = q^~' 

which are best visualized as being upper triangular elements of a multiplicatively anti-symmetric 
n X n matrix: 

/ * q q^ ... \ 
* q ... 

: ■•• q 
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The base of our line bundle will parametrize eigenvalues of Ui and the remaining operators will 
move between fibers. We eliminate some linguistic preliminaries from the following definition, which 
should now be clear by referring to Definitions 12.11 and 12.21 

Definition 2.3. We work with a two-sorted language Cq = (fc, L, tt, q, E, U,^^ : 1 < i < n). The 
Cq-theory Tq says the following: 

(1) k is an algebraically closed field of characteristic 0. 

(2) 7^ 1 for every n G N. 

(3) TT : L k* is a surjective map and each fiber 7t^^{x) is a one-dimensional vector space for 
X ^ k. 

(4) For each x G k, E(L, x) is non-empty and E(L, x) C tt~^{x). 

(5) Let I be any positive integer (not necessarily odd). Then there is a free and transitive action 
ofT[l] on each E(L, a;) induced by the vector space structure on Tr^^{x). 

(6) Tjf^ are linear and we have 

(Vw e n~^{x)){lJiv ^ XV A U^^v = x^^v) 

(7) The linear maps U^^, . . . U^^ move between fibers according to 

n 

(Vw e TT-\x)){'E{v,x) /\{3v., e Tr~\q'-^x)){-E{v,q'-^x) AlJ.v = XV., AV-\., = x-\)) 

i=2 

(8) For each i < j with i ^ 1 we have the following axiom: 

(Vw e TT-\x)){E{v,x) U^UjW = q^-'lJjlJ.,v) 

There are some points of difference with the previous examples worth noting. The first is that 
we have allowed our group T[l] to be finite and cyclic of any order. The reasons for this are again 
model-theoretic. The second point is axiom 8 stipulating explicitly some good behaviour of basis 
elements with respect to the relations satisfied. This good behaviour was actually coded into the 
definitions of how the operators act between fibers in the previous two examples. 

Proposition 2.4. Let {L,k) \= Tq. Then {L,k) is a representation o/ Oq((fc^ )"). 

Proof. Let e G tt^'^{x) for some x G k*. By the axioms there is a G 7r^^(g'^^x) such that 
UiC = xci. Thus 

UiUiG = xJJiCi — x'^q^~^ei 

whereas 

UiUie = xXJiC — x^Ci 

But g'^^ = qii, thus UiUiC — qiiUiUie. For i < j and z ^ 1, we have UiVjC — q^^'^VjUiC by 
definition. □ 

Remark 2.1. Note that for i < j and i ^ 1, i/E(e,x) holds then 

UiUj-e = xUiCj = q^^^x^Cji 
for some Cj € Tr~^{q^~^x) and Cji G 7r^^(g*+-'^^a:;). On the other hand 

UjUie = xXJjei — q^^^x^Cij 

where Ci G 'K^^[q^^^x) and Cij G T:^^{q^^'^^'^x). Thus the stipulation that UiUjC ~ (/^^'UjUjC 
implies that Cij — eji. 

3. Equivariant Algebras 

We now define the class of equivariant algebras over an algebraically closed field k of characteristic 
0. As indicated in the introduction, there are two parts to this definition. Firstly, we have to isolate a 
suitable class of algebras with an algebraic characterization, a class which we call 'semi-equi variant'. 
An equivariant algebra is then defined to be a semi-equivariant algebra satisfying some additional 
(though rather cumbersome) assumptions. The reader is referred to Appendix [Bl for basic definitions 
and notations concerning Hopf algebras. 

Definition 3.1. A prime k-algebra A is said to be semi-equivariant if 
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(1) There is a maximal commutative ajjine k-subalgebra H of A that is a Hopf algebra. 

(2) A is generated as a k-algebra by the generators of H and finitely many eigenvectors Ui, . . . U„ 
of the left adjoint action of H on A; namely the action defined by 

h ■ a = h'aS{h") for all a G A and h G H 

[h] 

(3) There are generators hi,. . . hm of H such that A has a presentation in terms of the hi and 
\Jj and finitely many relations between them. All relations not expressing the adjoint action 
of hi on \Jj have the form 

p~l q-l 
k=Q k=0 

where c,d € k and f is a polynomial over k. 

If H and exist as above, then A is said to be semi-equi variant with respect to H and the 
elements Ui, . . .U„. It should be noted that although one typically defines the adjoint action of 
a Hopf algebra on itself, the definition makes sense in the current setting, thus turning A into a 
iJ-module. 

Definition 13 . 1 1 takes its inspiration from the basic result that a finite dimensional complex semisimple 
Lie algebra g possesses a Cartan decomposition (see Appendix IX)) . Recall that if g is such a Lie 
algebra then there is a direct sum decomposition 

g = (, e g„ 

where [) is an abelian Lie subalgebra (the Cartan subalgebra) and the Qa are eigenspaces of the adjoint 
action of g on itself. Regarding C/(g) (the universal enveloping algebra of g) as a Hopf algebra, the 
Lie algebra and Hopf algebra adjoint actions agree. Thus, heuristically. Definition 13.11 says that a 
semi-equivariant algebra A has a 'generalized Cartan decomposition' where the eigenvectors of the 
adjoint action satisfy some manageable relations amongst themselves. 

3.1. Tovifards equivariant algebras. Let A be a semi-equivariant fc-algebra. Because A is prime, 
iJ is a domain and by the assumption that H is an affine fc-algebra, it is therefore the coordinate 
ring of an aflBne variety V. Suppose that V C fc™. Clearly there is a bijective correspondence 
between points of V and characters (fc-algebra homomorphisms) on H, and we denote the character 
corresponding to x € by x^;. Let be a one-dimensional fc-vector space endowed with the 
structure of a if- module by the character Xx, i-e. 

hv = Xx{h)v for all h G H and v Cz L,j. 

The iJ-modules will form the fibers of a line bundle over V] thus we form the disjoint union 

xev 

and define the surjective map tt : L — F by tt{v) = x if v € L^. 
Lemma 3.1. V is a group. 

Proof. This is a consequence of H being a Hopf algebra. First note that ii Xx,Xy ■ H ^ k are the 
characters corresponding to the points x,y € V then Xx (8) Xj, is a character on iJ (g) iJ by 

iXx <8) Xy){hi <^ /12) Xx{hi)Xv{h2) hi, h2 e H 

extended to an algebra homomorphism. Now x = (Xx <8) Xy) ° ^ is a character on H and the kernel 
of X is a maximal ideal of H, thus corresponding to a point z € V. This allows us to define a map 
• : {y, z) H' z. The coassociativity of A easily implies that • is associative. Similarly, we define 
Xx-i = Xx ° S and put x~^ as the point in V corresponding to the kernel of Xx-i- ^ 
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Because A is semi-equi variant, we have 

ft.U, = x»(^)Ui for all /lei? 

for some characters Xi ■ H ^ k. In particular, we obtain constants aji = Xi{hj) such that hj ■ Ui = 
ajiUi for all 1 < j < m. 

Lemma 3.2. Let v E L^- Then 

'^Xx-^{h'-)h'^\5iV = ajiUiV 
(h) 

Proof. By hj ■ Ui = ajiUi we obtain that 

^ h'j\JiS{h'- )v = UjiUiV 
(h) 

But S{h") acts on v by the scalar Xx-^{h'j) and the result follows. □ 

Corollary 3.1. Suppose that for each 1 < j < m, A{hj) — J2(h) ^'j ® ^'j ^-^ such that 

(1) h'j — hj or 1 for every element h'j in the sum. 

(2) There is at least one hj with h'j — hj. 

Then there are regular maps rj, Sj : V ^ k such that for each v €z L^, 

, aji — rj(x) 

Sj{x) 

Proof. Immediate from Lemma 13.21 □ 

Assuming that the coproduct satisfies the assumptions of Corollarv l3.1l we have functions rjji {x) = 
{aji — rj{x))/sj{x). Given x G V, put r]i{x) = {r]ii{x), . . . ,r/miix)) for each 1 < i < n. Then for 
each i, rji : V ^ V because r]i{x) defines a character on H for each x G V. We obtain that 
Ui : La; — >■ L^.(2;) for every x GV and 1 < i < n. Let 11 be the semigroup generated by the rji (under 
composition). Thus 11 acts on V in an obvious way. We shall, henceforth, treat the elements of 11 as 
functions on V and adopt the usual convention for composition of functions; namely for 771, 772 G 11, 
111112 =111 °V2 (apply r]2 first, then 771). 

We can now define the class of equivariant algebras. As stated previously, the definition has the 
sole purpose of narrowing down the class of semi-equivariant algebras to those which have a suitably 
geometric first-order definable space which is a representation of A. 

Definition 3.2. We define a semi-representahlc algebra A to he equivariant if 

(1) For each I < j < m, A{hj) ~ ^'j ® such that 

(a) h'j = hj or 1 for each element in the sum. 

(b) h'j — hj for at least one h'j. 

(2) n is a group such that for each 1 < i < n, rj^^ = rjj for some j < n. 

(3) V is defined over Q. 

(4) There exist regular functions Xi :V ^ k and polynomials 

P^{x, y) := y"' - ^l,{x) G N, > HiGli 

for each 1 < i < n such that for each relation of the form 

p-l q-l 

(1) C n U,^_, - d n U,,_, - f{h,, ...,hra) 

we have 

(a) r],^... r]i^ = r]j^ . . . 77^, and 77^^ . . . 77^, = 1 if f ^ 0. 
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(b) 




(2) 



fe=0 fc=0 

holding for every x gV, where 

(i) j/ij (respectively yj^) is a solution to the polynomial equation Pi^{x,yi^) = 
(respectively Pj^{x,yj^) = OJ. 

(ii) Vip-k (respectively yj^_k) for k <p — 1 is a solution to the polynomial equation 



Pip-k{{Y[Vip-r){^),yip-k) = 



r>k 



( 



Pj,-A{l[m,-^){x),yj,.,) = o 



r>k 



Moreover, the roots yi^ can be chosen compatibly for all conditions of the form (4.2) and for 

all X eV. 

(5) The parameters appearing in all Xi,rii and f, along with the constants c,d, are solutions to 
types over Q. 

(6) The maps Xi are T-linear, where F is the group of roots of unity of order I for some I > 

such that ni\l for all 1 < i < n. 

The significance of many of tfiese conditions will only become apparent when we commence doing 
some model theory, although 4 can be presently motivated. If an algebra A is semi-equivariant 
then the relations of the form (4.1) may not have much to do with the adjoint action of H on A. 
Condition 4 effectively remedies this. Wc already know that JJi : Lx ^ ^mi^) ^'^^ every x ^ V, 
1 < i < n. So 4 (combined with 5) states that we can define the action of the Ui, respecting the 
way they move between fibers, in such a way that all of these relations are satisfied regardless of 
what fiber we start at. The use of the polynomials Pi and the functions is to allow a certain 
amount of definitional flexibility. For two of the preliminary examples considered (the Weyl algebra 
and Uq{si2{k)), this extra flexibility is necessary. We now define the category Equiv(fc). 

Definition 3.3. Let A and B he ttuo equivariant k-algebras. A k-algebra homomorphism (p : A ^ B 
is defined to be equivariant if for any Hopf algebra H such that A is equivariant with respect to H 
and elements Un, . . . Uim of A, there is a Hopf subalgebra H' of B such that 

(1) B is equivariant with respect to H' and U21, . . . , U2n2 ^ ^■ 

(2) tp{\Jii) is a monomial in U21, . . . U2n2 f^f each i. 



Thus the category Equiv(/;;) is defined to consist of equivariant fc-algebras and equivariant mor- 
phisms. We conclude this subsection with the following observation. 

Proposition 3.1. Let A be semi-equivariant. Then there is an equivariant A' such that A is an 
epimorphic image of A' . 

Proof. Say A is equivariant with respect to H (generated by hi,. . ., km) and Ui, . . . U„. Define A' 
to have the same generators, to satisfy the relations of A expressing the adjoint action of H on the 
Uj, and only those additional relations that satisfy equivariance. The result is now immediate. □ 

3.2. Application to initial examples. We now show that our initial examples are equivariant 
algebras. 

3.2.1. First Weyl algebra. We consider A = Ai{k). Put H = fc[H] and endow H with the Hopf 
algebra structure associated to universal enveloping algebras, namely 



The variety corresponding to H is the affine line k. For each x G k, we have the one-dimensional 
/f-module given by the character Xx '■ H ^ k with Xa;(H) = x. Of course, the module is 
merely an x-eigenspace for H. It is easy to see that V is the group (fc, +). Indeed 



(3) ip\H:H^ H'. 



A(H) = 1(^H + H(8l 



e(H) = 



S'(H) = -H 



Xxyitl) = [(xx«)Xj/)o A](H) = Xx(l)Xy(H) + Xr.(H)xj/(l) = a; + 2/ 
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and 

X.-i(H)=-x.(H) = -a. 

For any a £ A, 

H a = Ha - aH = [H, a] 

But [H, a^] = and [H, a] = —a, thus and a are eigenvectors for the adjoint action of iJ on A. 
Moreover, we have the additional relation 

aa^ — a^a — 1 

which is of the required form. Hence A is semi-equivariant. By inspection, the coproduct has the 
required form. Now we determine H. Suppose that v € Lj.. By CoroUarv 13.11 we obtain 

Ka^v = (x + l)a^v Haw — {x — l)av 

Thus the semigroup 11 is generated by two functions: 

77l(x) ~ X + 1 vi^) — X ~ 1 

Hence H = Z is a group such that the inverse of r/f is 77 (and vice versa) . Furthermore, the parameters 
appearing r/f and r] are integral. For the relation [a, a^] = 1, we note that for every x G k, 

{x^/^f~{{x~l)^/^)^ = l 

where x^^^ denotes some y such that ~ x. So we put X{y) = \f{y) ~ y and 

P{x, y) - v{x) Pf{x, y) =y^ -x = P{f]{x),y) 

It is then clear that all of the roots y of P, P| can be chosen compatibly for all x £ k (for any x £ k 
we just pick, once and for all, any y such that P{x, y) = and everything works). We can take F to 
be the group of roots of unity of order I for any even /. Trivially, Ai and A2 are F- linear. 

3.2.2. Uq{sl2{k)). Put A = Uq{sl2{k)) and consider H = k[K,K-^]. Then V = k* (which is 
definable over Q) and we endow H with the group Hopf algebra structure, namely 

with analogous relations for K^^ . For therefore an x-eigenspace for K. Now V is the 

group (fc*, •)• To see this, note that 

Xxy = [{Xx ® Xv) ° A](if) = Xx{K)xv{K) = xy 

and 

Xx-i = Xx{K^'^) = x^^ 

Now for any a € A, 

K-a = KaK-^ 

But KEK~^ = q^E and KFK~^ = q~^F, thus E and F are eigenvectors of the adjoint action of 
H on A. We have the additional relation 

K - A'-i 



EE ~FE = 



q-q 1 



which of the required form, thus giving that A is semi-equivariant. Let v £ Lx- Then by Corollary 

KEv = q^xEv KEv = q^'^xEv 

Thus H is generated by the functions 

■qE{x) = q^x t1f{x) = q~'^x 

hence H — q^"^ = {q' : / G 2Z} (also a group) and 77B, rjF are mutually inverse. The parameter q 
appearing in the definition of tie and rjp satisfies the type 

{x" 7^ 1 : n e N, n > 0} 

By reference to Proposition [531 we take 

Ab(2/) = -AF(y) = - — 
q-q 
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and 

PE{x,y) = PF{x,y) = y'^ -X 
By the calculation performed in Proposition 12.31 we obtain 

X — X ^ 

A£;(y2)AF(yi) - A_f(z2)Ae(zi) = _ 

for appropriate yi,Zi. By contrast with the previous example, not any yi, Zi will do and we have to 
be careful about picking them compatibly. For this purpose, we partition k* into cosets of q^"^: 

fc* = y q^^x 

xeA 

where A is a set of representatives. Given x d A, choose any square root y of x. For any other 
z G q'^^x, there is I G Z such that z = q^^x and we choose the square root q^y of z. Now repeat 
this for every coset representative in A. The result is a compatible set of square roots. Clearly our 
polynomial Pe satisfies the required conditions involving parameters. Consider F = {±1}. Then A^; 
is F-linear, for 

A£;(-y) ^_ ^_{^ = -AB(y) 

hence so is Af- 

3.2.3. The multiparameter quantum torus. Put A = C'q((fc^)"). We take the same Hopf algebra H 
as for Uq{5l2{k)) , hence we obtain a line bundle L over the base (fc*, •). Again, for any a G A we 
have 

Ui • a = UiaUj^i 

But UiUiUj"^ = q^^^XJi for i > 1. Moreover, the remaining relations are 

U,Uj - q^-'VjVi =0 i<j 
giving that A is semi-equivariant. By Corollarv l3.1[ for v G L^, 

UiUiU = xq'-^^ViV 

Thus we have functions 

rii{x) ~ q^^^x i > 1 

and n is generated by these rji and their inverses (hence 11 is a group). Again, the single parameter 
q appearing in the definition of the rji is generic, hence satisfies {x" 7^ 1 : n e N,ri > 0}. We take 
Xi{y) = y and Pi{x,y) = y — x for all i > 1 and obtain what is required. On this occasion, the 
Pi are linear and we do not have to worry about roots. Because the Ai are also linear, they are 
automatically F-linear for any group of roots of unity F. 

3.3. Associating a theory to an equivariant algebra. Let A be equivariant. First, we establish 
some notation. Let i G ri^'^ be a finite sequence of elements from {1, . . . , n}. Say i = (ii, . . . , ip). 
Put 

Vi^Vip--- Vn Ui = . . . Ui, 
Definition 3.4. We consider the three-sorted language 

La = {L, V^,F,fc,7r,E,U^,/ij ,C : 1 < j < m, 1 < z < n) 

where 

(1) C is a finite set of constants. 

(2) Ti : L V and \Ji,hj : L ^ L are functions. 

(3) E Q L X V is a relation. 

(4) L, V, k are sorts, k has the language of rings and L comes equipped with 

• a map + : L x L ^ k which is interpreted as addition of elements in each Tr^^(x) for 

xev. 

• a map ■ : k x L ^ L which is interpreted scalar multiplication in each fiber Tr^^{x). 
The CA-theory Ta says the following: 

(1) k is an algebraically closed field of characteristic 0. 
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(2) Sc(c) holds for each c £ C , where Sc is the type that c satisfies. 

(3) V — 4>{k) where (j) is the formula over Q defining V . 

(4) IT : L V is a surjective map and each fiber Tr~^{x) is a one- dimensional k-vector space for 
each X (z V . 

(5) E(i,x) is non-empty for each x £V and E(L,a;) C ■n~^{x). 

(6) Let r he the group of l-th roots of unity for some I satisfying condition 4 of the definition 
for representable algebras. Then T acts faithfully and transitively on E(L,a;). 

(7) The operators hj are linear and act on each fiber according to the following axiom: 

/ m \ 

(Vu e TT^^{x)) j hjV = XjV 

(8) The linear operators Ui act according to 

(Vw G Tr-\x))3v^{3y^ £ fc)(E(w,.T) ^ E(w,„ ?7,x) A = X^{y^)v^ A P^{y,,x) = oj 

We denote the conjunct appearing in the big parentheses by ip{v,Vi,yi). 

(9) Enumerate the relations not expressing the adjoint action of H on the U,; as 

CiUj^ - diUk, = fi{hi, . . . , km) I <i <r 

where ji, € n^'^ for each i. For any i — (ii, . . . , ip) e n^" we define the formula 4>i{eo, e, y) 
to be 

/y E(e^ mMe"-')) A V,, e^-' = A,, {yu)e^ A P., (y^, ^{e^-')) = 

where e'' = eo . Then the following axiom holds: 

(Vw e 7r-i(x))(V[^iZ;(') e 7r-i(77ia;))( 

E(w, x) A 3a«^(v, v('), a«) VLi«,VLi?«,VLiy,z,(ALi -/-j, («, 2/^) 

A0ki(w, A 6*1 A '(/')A 

w/iere 

• ip{yi,Zi) is a conjunction of linear conditions which isolates the type tp^{yi, Zi/QU C) 
formulated in the language of the sort k, for any instantiation of such yi,Zi. 

• 9i is the conjunction 

l\ V ^Vik A l\ V ^ Wik A l\ Vik ^ Wji 

and 02 is 

Ax(„(0)=^(„) w^'^ = w A A^(„(0)=^K,) = A A^(„(0)=^K,) "^'^ = mkA 

A ^ (0\ ^ ^ ''^ll'' = Vik A A I (On / \ W'll'' = Wik 

Axioms 8 and 9 of Definition 13.41 together express a significant amount of information. Whereas 
axiom 8 defines the action of each at a given fiber, axiom 9 is designed to make sure that all 
of the basis elements in different fibers obtained on repeated application of axiom 8, if they should 
agree, do agree. For example, given a defining relation of the form cUj — dUk — f{hi, . . . , km), one 
expects the basis elements involved in defining the action of Uj and Uk to eventually coincide in 
their respective terminal fibers. And if / 7^ then there should be more; namely that these terminal 
basis elements coincide with the basis element we start with. Only with such a stipulation is it 
possible to make sense of expressions like 

cUje — dUje — f{x)e 
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where e € Tr~^{x) is a basis element. In this manner, every model of T4 is indeed a representation 
of A. The formula ^p is a rigidity condition, ensuring that those roots of polynomials Pi which can 
be related to each other are indeed related to each other. In the initial examples discussed, ip was 
implicitly incorporated into the axioms. 

Example 3.1. Recall Definition \2.2\ of the theory Tq associated to Uq{s\.2{k)). The actions of E and 
F were specified by 

(Vu e 7r-i(x))(E(w,x) ^ {3v' e 7T~Hq^x)){3y G k) 

{y^ ^ X A Ev = \{y)v' A Fv' = ~X{qx)v)) 

where X : L ^ k is defined by 

A(.) = ^ 

Axiom 9 of Definition \3.4\ would give 

(Vw e 7r-i(.T))(E(w,x) ^ (Vwi e TT-\q^x)){yv2 e 7r-i(a;))(Vwi G TT-^{q-^x)){yw2 G tt-^x)) 

Ai;w = A(yii)wi A Fui = -X{yi2)v2 A Fv ^ -A(y2i)wi 

Ai?Wi = X{y22)w2 AV2^ W2^V Atjj 

where ip is chosen to be the formula yi2 ~ qy 11 Ayn = y2i A 1/21 = 'i'y22- With some simplification, 
this is indeed equivalent to the shorter axiom of Definition \2.2\ when combined with axiom 8. 

Remark 3.1. If A is equivariant, we may have some choice of possible Xi, f and Pi. Nevertheless, 
in defining Ta a particular choice of these functions and polynomials is fixed once and for all. If 
one was being pedantic, the dependence of Ta on these functions and polynomials could have been 
indicated. 

A model of Ta is therefore a three-sorted structure, which shall be denoted by a tuple {L,k). 
We have suppressed V from the notation because it is evident that V is in fact definable in k. As 
stated in the introduction, such structures bear a striking resemblance to the G-equivariant line 
bundles (for G a connected algebraic group over C) found in geometric representation theory (see 
[RTT07) ). The proof of the following result takes its inspiration from the construction of the line 
bundle Lx = GxbCx, where i? is a Borel subgroup of G and Ca is a one-dimensional representation 
of B corresponding to the weight A of the Cartan subgroup H of G. The difi^erence below is that we 
have {T x-pk) xV instead. The resulting structure is then equipped with linear operators XJi between 
fibers that give us some kind of equivariance, in the sense that XJi^Lx) ~ -^7/^(2;) ^-nd : ij; — )■ 
is a linear isomorphism, for each x . 

Proposition 3.2. Ta is consistent. 

Proof. We construct a model of Ta. Let k be an algebraically closed field of characteristic 0. 
Introduce the equivalence relation 

{Si,ai,xi) - ((52, a2, X2) (37 e T){a2 = j ■ ai A $2 = ^~^Si) 

on r X fc X V and consider the quotient T x k x V/ ^. We shall denote the equivalence class of 
(7, a, a;) by (7, a,x). Put 

Lj; = {(7, a, x) : 7 G r, a G fc} L = J]^ L^^ 

xev 

Then there is a projection map tt ; i — > given by 7r((7,a,a;)) — x. When is understood, we 
suppress x from the notation and write (7, a) for (7, a, x). 

Claim: Each Lx has the structure of a one-dimensional /c-vector space by 
((5i,ai) -I- ((52, 02) (^2,7~"^ai + 0,2) where 62 = 7*51 



A((5, a) :— {S, Xa) 
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Proof. Suppose that {Si,ai) ^ {S[,a[) and ((52; 02) ^ i^2^0''2) that 62 — 7(5i- There are 71,72 
such that S'l — ji6i and S'2 — ^262- Thus 

So it remains to prove that 

(^2, 7~^ai + 02) ^ {S2, 7i7"^72'^a'i + 02) 
But Ji^ai = a'l and ^2^^^ = ^2- 

7i772~^a'i + 4 = 72"^(7"^ai + 02) 



as required. Scalar muhiphcation is triviahy weh-defined and (1, 1) is a basis element for L^- □ 



Normal basis elements are designated as those of the form (7, 1) for 7 e F and it is clear that F 
acts faithfully and transitively on the set of normal basis elements of L^- We now define maps by 



U,(l,l,a;) = X,{y,){l,l,rj,{x)) 1 < i < 71 

and extend linearly. By condition 4 of Definition 13. 2| the roots yi can be chosen compatibly so that 
all listed relations of the form 

p-l q-l 

c n K-kiVip-k) -dY[ K-k iVj.-k ) = fix) 

are satisfied for every x G V. So we use these yi when defining the actions of the Ui. It is now clear 
that our resulting structure satisfies Ta- □ 

We conclude this subsection with a remark about the types Ec. The theory Ta will only be 
adequate insofar as each Sc contains all of the information that is required of c. The examples 
considered above contained at most one constant q, and all that was required of q in these cases was 
that q was generic; namely that it satisfied the type = {x" ^ 1 : n G N,n > 0}. 



4. Model Theory of Equivariant Structures: I 

In this section and the next, we build on many of the results of [ZS09] . There it was proved 
that an uncountably categorical first-order theory can be associated to the Heisenberg algebra and 
a quantifier elimination result (down to the level of existential formulas) was established. Analogous 
results are proved here for Ta where A is an equivariant algebra with the property that models of 
Ta are, roughly speaking, rather rigid. 

4.1. Categoricity. We shall fix an equivariant algebra A. As part of the definition, we have a 
certain amount of data (the regular functions A^, polynomials Pi and /, functions r]i). In the 
language Ca, all these entities become definable over Q and the constants C. We recall that each of 
these constants has its properties fixed by a type Ec over the prime subfield. For ease of reference 
we recall axiom 9 of Definition 13.41 

(Vw G 7r-i(a;))(V[^ii;« G tt-\t]ix)){ 

E(z;,a:) A3aW^(«,,;W,a«) ^ VU^'.VLi«^«VLiy.^.(ALi («,"., 2/0 

A(l)k,{v,Wi,Zi) A 6*1 A 2p)A 

V,««V,u;«Vy«z«(ALiA:=i0j,(«(^«i^yi'^) 
Ac^^.Av^'\wi'\zi'^)Ae2))) 

where 

• The relations not expressing the adjoint action of H on the are enumerated as 
CiUj, - diUki = fi{hi, . . . , hrn) I <i <r 
where ji, G for each i. 
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• For any i = (ii, . . . ,ip) e n^'^ we define the formula 01(60, e, y) to be 

1^ f\ E(e^ mMe"-')) A V^.e'^'' = A,, (y,)e'^ A P., (y^, 7r(e'=-i)) = oj 
where e° = eg. 

• -^i) is a conjunction of linear conditions which isolates the type tp'^(?/i, Zi/Q U C) for- 
mulated in the language of the sort fc, for any instantiation of such yi, Zi. 

• 9i and 02 combined express that those basis elements which should agree (i.e. those which 
lie in the same fibers), do agree. 

In order for Ta to be categorical in uncountable cardinals, given any model (L, k) \= Ta where k is 
an uncountable field, one requires the basis elements in the fibers above the orbit of any x € V under 
n to remain rigid under scaling by certain elements of F. Specifically, axioms 8 and 9 provide us 
with a set of basis elements (one for each fiber) over the orbit Tlx. The requirement is that the truth 
of axiom 9 should not be affected by shifting these basis elements by certain 7 € F. The following 
technical restriction is designed to achieve this. First some notation. Let S consist of those pairs 
(ij) € (n<")^ selected by 61 A 62 in axiom 9 with rii = rjj, i.e. for any x E V and basis element 
e e 7r-i(a;), Oi A 62 says that the basis elements used to define UiC and Uje lying in tt ^{rjix) and 
7r~^(77ja::) respectively, agree. 

Definition 4.1. The theory Ta is T-rigid if for every model {L,k) \= Ta and (i,j) G S with 
i = (zi, . . . ,ip), j = (ji, . . .Jq) we have that 

for every 7, (5 € F. 

Proposition 4.1. Let Ta be T-rigid. 

(1) For every polynomial Pi{x,y) = y"' — iii{x), we have Ui < 2. 

(2) For every relation of the form cUi — dUj — f{hi, . . . ,/im), if ^ = (*i, ■ ■ ■ ,ip) and j = 
(ji, . . . ,jq) then one of the following holds: 

(a) p = q. 

(b) p = 2q. 

(c) q - 2p. 

Proof. (1) A given ry^ G 11 has an inverse rjj and (i,j) G S. Thus for any 7,5 G F such 
that 7"' ~ 5^' = 1, it follows by F-rigidity (applied with = ijjiji and 77^77^- = 1) that 
j'^ = 6^ — 1. In particular, this holds if 7 and S are primitive roots of unity. Thus Ui, Uj < 2. 
(2) Suppose that 7"*! = (5"^i — 1 where 7 and S are primitive. Then 7'"'! = (J^'^ji — 7?"^! — 1 
(by 7P = (5''). Because 7 is primitive, gn^j < puj-^. The reverse inequality follows by 
symmetry, hence qn.i-^ = P^ji- The result is now immediate by 1. 

□ 

Proposition l4. 1 1 gives some indication of the strength of the assumption of F-rigidity. The following 
results show that F-rigidity is equivalent to uncountable categoricity. 

Proposition 4.2. Suppose that {L,k) |= Ta witnesses the failure of T-rigidity, where k is uncount- 
able. Then there is an automorphism a of k which does not extend to an automorphism of (L,k). 

Proof. There is (i,j) G S such that for some basis element e G tt^^{x), there are ei, 62, j/i, 2/2 with 

{L,k) ^ 0i(e,ei,yi) A (/)j(e,e2,?/2) 

but there are 7, (5 G F such that 7"'i = — 1, and 7P ^ 5'^ (where i = (zi, . . . , ip), j = (ji, . • . , Jg))- 
Let 2/1,2/2 tie tuples obtained by transforming yn 1—^ lyu and 2/2* ^ 6y2i. Now -0 implies a formula 
V'ij which isolates the type tp*^ (2/1 , 2/2/Q U C); indeed tpij is just a suitable subformula of ip. In 
particular it is a conjunction of linear conditions. Because the yu (respectively 2/21) are all related to 
each other via 01 j, 0ij also holds of 2/1, 2/2- Thus tp^, (2/1, 2/2 /QUC) = tpj,(2/i , 2/2/QUC). By saturation 
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of k, there is an automorphism a of k such that (T(yi, j/2) = {y'l, 2/2)- Suppose for contradiction that 
a does extend to an automorphism a of {L, k). Decomposing 4>i{e, ei,y\) we obtain 

{L, k) N Uic = n {yrk)el ^ {L, k) ^ Uia(e) = f[ A^, {a{yrk))^{e\) 
fc=i fe=i 

Now nLi •^ifc(o-(yifc)) = T^nLi ^ifc(yifc)- But yll' = m.x, hence 

the implication holding because 11 is a group, hence a'(e) and e lie in the same fiber and a{e) = fie 
for some /i G fc. Now we apply the same argument to (f)j{e, 62, 2/2) • By axiom 9, — e^. But then 

a(e?) = = rVef = a(e^) 

hence 7^ = (5^, resulting in contradiction. □ 

Theorem 4.1. Ta is T-rigid if and only if for any models {L, k), {L', k') \= Ta with k, k' uncountable, 
if a : k ^ k' is an isomorphism then a extends to an isomorphism a : L ^ L'. 

Proof. Suppose that Ta is F-rigid. Because V is defined over the prime subfield, a iV = 
Similarly a -.T where T' is the group of l-th roots of unity in k'. We can assume that a maps 
constants to constants (Sc arc over Q, hence are preserved by a. Because all of the information we 
require of a constant is contained in S^, we may as well reinterpret the constants of (L', k') so that 
they lie in the image of C{k) under a). Partition V up into orbits of the group 11, thus obtaining 

V= [jUx 

xeA 

for some set of representatives A of each orbit. It is then clear that we have a corresponding partition 
for V 

V = \J U'a{x) 

where 11' is the group generated by r]'^ = <j{r]i). Define the length of y (with respect to the 
representative .x), l{y), to be the length of the smallest sequence i such that y = We extend 

a to the rest of the orbit Tlx by induction on length. 

(1) l{y) = 0, i.e. y = X. By axiom 5 of Ta there is e e Tr~^{x) such that E(e,a;) holds in 
{L,k). Likewise, there is e' G 7r~-'^(cr(a;)) such that {L',k') ^ E(e',(T(x)) and we define 
a : Lx ^ L'^(^x) by mapping e 1— >■ e' and extending linearly. By repeated application of axiom 
8 we obtain basis elements en, e^i and elements yn, y^i of k such that 

r 

(L, k)\= f\ (j)^^ (e, eii, yu) A (/)k, (e, e2i, to) 

i=l 

where ji, are such that CiUj. — rfjUkj = f{hi, . . . , hm)- Similarly we obtain basis elements 
e'ii,e2i and y^.t/ai € k' such that 

r 

iL',k') ^ /\cl^sM' AM ^^^^.{e' ^e'^M 

i=l 

where ^' is ^ with all parameters from k transformed to their images under a. Fix some 
1 <i <r. Suppose that on decomposing ^j. (e, eu, yn) we obtain 

Put P/ = a{Pi) for each 1 < Z < n. Note that r]'i{a{x)) = (7{r}i{x)) for every such / and 
X gV. We also have 

fe=i 
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Thus PI {y'uk,Ae[t')) = Pj, ^(e'l ■-')) = for every k. Recalling that P,, {y, x) = 

y"^k — (x) and that rij^ divides the order of F, it follows that there are ^uk € T such that 
y'lik ~ liik'^iyiik) for every k. But then by F-linearity of the Aj^., it follows that 

Thus we define a on the fibers containing the by mapping e\.i ^ lukS-ii and extend- 
ing linearly. Repeat the above for (e, e2i, y2i) and every 1 < i < r. By axiom 9, 
V' e tp'=(yi,,y2»/Q U C) ^ ■(/'' e tp'=(cr(yi,),cr(?/2j)/Q U C). Thus any roots of the vari- 
ous polynomials Pi related by ■;/' transform by the same element of T under a. Now we 
invoke F-rigidity in {L',k'). Let (i,j) e S. Recall from the proof of Proposition 14.21 that 
there is a conjunction of linear conditions Tp[j implied by ip' that relates all those roots 
used to define the action of Uie' (respectively Uje'). Concentrating on Uie', for the sake of 
notational clarity, we assume that these roots are the first p elements of the tuple y'l^. Thus 
there is such that 7ii = juk for 1 < fc < p and 

(L', fc') h Uj,e' = n iy[,,)e'r^ = 7?, U A^, i<jiyuk))er, 

k=l i=l 

By F-rigidity, 7^^ = 1. Because the get successively absorbed under a we also have that 

UjiS' = rife^i Aj-fc (o'(j/iife))o'(e^j), hence o-(e^,j) = ef^. Exactly the same argument applies to 
Uje', hence applying a as defined still preserves the truth of axiom 9 in (L', k'), as required. 
(2) l{y) > 0; thus a has been extended to all those for which l{z) < l{y) — 1. Let 1 = 
(^1, . . . ,Zs) e witness the length of y. Put z — rji^ -^ . . .rji^x. Then l{z) < l{y) — 1 and 
by induction a has already been extended to 7r^^(z). Let e*^^^ G 7r^^(z) be the basis element 
used to define Uz^_j . . . Vi-^e. Now apply axiom 8 to 7r^^(z) with e*^^-* to obtain e*-^-* € Tr~^(jj) 
in terms of which U;^e*^^' is defined and extend as in the base case. Now repeat the whole 
argument for the base case with e^^-* and the induction step follows. 

Repeating the above construction for each orbit completes the construction of a. The converse is 
immediate by Proposition 14.21 □ 

Proposition 4.3. The theories associated to ^i(fc), Uq{sl2{k)) and Oq{{k^)") are T-rigid. 

Proof. We start with Ai{k). Recall that for this algebra H is generated by two functions 

?7l(x) = .T + 1 r/{x) = .T — 1 

The only relation not expressing the adjoint action of H is aa^ — a^a = 1, hence rj^rj = rjrjf. Now 
the corresponding polynomials are 

P{x,y) ^y'^ P^{x,y) ^ y'^ - X 

so we must demonstrate that for any 7, ^ g F, 7^ = (5^ = 1 7^ = (5^ which is trivially true! For 
Uq{sl2{k)), n is generated by 

77b (x) = q'^x Vpix) = q~'^x 
and similarly r]Er]F — VfVe- The corresponding polynomials are 

PE{x,y) = Ppix.y) = - a; 

so again, F-rigidity trivially holds. F-rigidity for C'q((fc^)") is immediate because all of the polyno- 
mials involved are Pi{x^ y) — y — x, which are linear. □ 

4.2. Quantifier elimination. From now on, we assume that Ta is F-rigid. Firstly, we provide 
some motivation for the definable sets we wish to consider. Fix a model (L, k) |= Ta and suppose 
that V — (vi, . . . ,Vs) is a tuple from the sort L. We can re- index the w,; according to the fibers of 
TT in which they appear. Namely, we fix an enumeration {vij '■ 1 < i < t;l < j < Si, Si — s} 
so that given Vij,Vki, we have i = fc if and only if Tr(vij) — ■K{vki). By the axioms, we can find 
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m-tuples ttj e y C fc™ such that i^{vij) = for every 1 <i <t. Moreover, because each tt ^(a,) is 
one-dimensional and we have basis elements e, e E(i, a,), we can find scalars Ay e fc such that 

A A ^'j^* = 

holds in (L, fc). Thus one expects all the sentences satisfied by v to be determined by all the inter- 
relationships between the Cj. But the relationships between the Ci depend on the orbits of 11 on V. 
We set up some notation to describe these relationships. Suppose that Cj and ej lie in the same 
orbit of n. Then there is a 'path' in the structure connecting the fiber containing to the fiber 
containing Cj, i.e. there is i € such that Uie^ G 7r^^(7r(ej)). We wish to construct an existential 
sentence 6ij that codes this path. Writing for e,, our candidate for 6ij is the following: 

This sentence is, of course, satisfied in {L,k). Wc now have enough information to construct a class 
of formulas with which to prove quantifier elimination. 

Definition 4.2. Let {vij : I < i < t; 1 < j < Si, Sj = s} and x = {xi, . . . Xr) be tuples of variables 
from the sorts L and k respectively. A core formula with variables {v, x) is defined to be a formula 
of the following shape: 

qxqt p qt „ ^^^h f A,Li AjLi '^(^'y ) = A Ay e, = t;^ A E(e,, y,) A A(, j)ge (e« ' , , 7ij) 

V AS{X,y,j,b,x) ) 

where 

(1) Q is a subset of {{i,j) : 1 < i,j < t}. 

(2) 5 defines a Zariski constructible subset of k^^ x y* x F'"^ where 

(a) ri = l{x) + lib) + s (I denotes length) 

(b) r2 = Ut) 

(3) is 6ij with the existential quantification over jij , bik removed. 

A core type is defined to be a consistent collection of core formulas. If {v, a) is a tuple of elements 
from U X , the core type of {v, a) (denoted ctp(t;, a) ) is defined to be the set of all core formulas 

satisfied by (f , a). 

Wc now wish to demonstrate that the type of a tuple is determined by its core type. 

Proposition 4.4. Let {L,k) \= Ta be i^o-saturated. Suppose that {v,c), {w,d) are both tuples from 
X k^ with the property that ctp(t;, c) = ctp{w, d). Then tp(t;, c) = tp(w, d). 

Proof. We shall construct an automorphism a of {L,k) with the property that a : {v,c) (w, rf). 
Rc-indcx the tuple v as {vij : 1 < « < 1 < j < s;, Si = s} so that given Vjj, vi-i, wc have i = k 
if and only if 7r(uy ) = n{vki). By what has already been discussed, the axioms provide us with: 

(1) Tuples a] such that TT{vij) = a] for every 1 < i <t. 

(2) Basis elements ej G E(Z/, aj) and scalars X]j such that 

t Si 

i=i j=i 

holds. 

Now we construct the set & so that {i,j) € O if and only if there is a path from Tr~^{aj) to 
7r~^(a]); namely there is a sequence i S such that Vie] G 7r~-^(a]). Note then that there is 
a corresponding existential sentence 6ij that codes this path. Thus the following conjunct holds in 

{L,ky. 



Si 



A A = a' A^ij-ei = VijAE{elal) A /\ <l>ijiele],blj,^l) 

i=ij=i (hj)ee 
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We shall denote the above formula by (f){v, e^, a^, A^, 7^, b^). Consider the following set of formulas: 

_ {cl>{w, e', x', A', 7', b') A S{x', A', 7', b', d) : 

{L,k)^^iv,e\a\X\-f\b^)AS{a\X\-f\b\c)} 

Here the variables have been primed to distinguish them from actual parameters. The S range over 
all constructible subsets of an appropriate cartesian power of k. 

Claim: S is consistent. 

Proof. We show that E is finitely consistent. By definition S is closed under finite conjuctions, so 
let (/)A5'e E. Then 

(L, k) h e\a\ \\i\h^) A S{a\ X\j\ b\c) 
Existentially quantifying out e"'^, a^, A"'^, 7^ and we obtain a core formula satisfied by (w, c). But 
ctp(u, c) = ctp(?i;, d), so there are e^, a^, A^, 7^, b^ such that 

(L, k) h e\ a\ A\ 7\ 6^) A 5'(a\ A\ 7\ 6\ d) 
as required. □ 
By saturation, the type E is satisfied by a tuple (e^, a^, A^, 7^, 6^) say. In particular, we have that 

tp'= (a\ A\ 71 , 6\ c) = tp*^ (a2 , A^ 7^ , d) 
and by saturation of k we therefore obtain an isomorphism a oi k such that 

a:(a^A^7^&^c)^(a^A^7^6^d) 
It remains to extend a to the whole of (L, k). Partition V up into orbits of 11: 

V =Wnx 

xeA 

for some set of representatives A. Let x € A be such that IIx contains a^^ . . . at and no other a,;. 
By re-indexing if necessary, we can assume that the a^^ are listed in order of increasing length with 
respect to x. We may also assume that x = a^^^ by changing the set of representatives if necessary. 
We carry out an induction on length which is identical to the proof of Theorem 14. II One only has to 
note that the construction automatically maps e]^ 1—^ ef. for every 1 < j < q. Indeed, suppose that 
there is a path from Tr~-^{a}J to Tr^-^{al.). Then it is coded in 9i^^i.. But (t>ii,ij{ej^,ej.,bl^^^,,jj^ ^.) 
holds, hence so does (pi^Sj (ef^ , ef. , bf^^^. , jf^^i. ) by the fact that E is reahzed by (w, e^, a^, A^, 7^, &^). 
Thus the following conjunctions hold in {L, k) for 1 — 1,2: 

where e = e-, . 

"■1 ''1 

Claim: a{e}^) — ef^ for every 1 < k < n. 

Proof. This holds by fiat for fc = 0. In constructing a, we will have selected e' € '^^^{Vjii'^ii)) ^^ch 
that 

Vnel=Kibh,,i)e'APnibh„i,<) 
holds. But cr(&-i,,^.„i) = ?^fi,i,,i, hence we have aie}^) = e'. But U^^ef^ = >^3libn,^,^)^^l ^^"^^ 
conjunct, hence d'{e}^) = ef^. Now we repeat the argument till we reach k — n. □ 

Because cr{'-fl^ ^.) — jf^^i., it now follows that S-^ej.) — ef, as required. □ 

It follows by compactness that every £yi-formula with parameters from k is equivalent to a boolean 
combination of core formulas. Some further analysis reveals the structure of subsets of (L, k) defined 
using parameters from both L and k. Intuitively, these should be determined by a class of formulas 
similar to core formulas, the only difference being that these formulas can also express information 
about how bases from the fibers containing these parameters from L are connected to other fibers 
via paths. 
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Definition 4.3. Let e' he a tuple of elements from L with length p such that all e[ are basis elements. 
Let V = (wi, . . . , Vm), w = (wi, . . . , Wn) be tuples of variables from L. A general core formula 

with variables {v, w) over e' is defined to be a formula of the following shape: 

(S Si 
f\ f\TT{vij) =yiA\tjei^Vij /\'E{ei,yt) /\(t)A /\ A S{X, n,y,j,b,x) 
i=ij=i (»j)ee 

where 

(1) {vij :l<«<s,l<j< Si} is an appropriate enumeration of v 

(2) ec{(i,j):l<i,j<s} 

(3) S is a constructive subset of k^^ x x T^^ where 

(a) ri — l{x) + l{h) + m + n 

(b) r2 = ;(7) 

(4) (j) is defined to be 

P Pi 

where 

Qi C : 1 < z < p, 1 < j < s} 92 C ■.l<i<s,l<j<p} 

and {wij '■ 1 < i < p, 1 < j < Pi} is an appropriate enumeration of w. 
We shall denote such a formula by 3eS and call S the Zariski constructible component of3eS. 

Proposition 4.5. Let (L, k) |= Ta- If 4> is formula with parameters from L, k then it is equivalent 
to a boolean combination of general core formulas. 

Proof. Suppose that <f>[v,x) is a formula with free variables {v,x) over a finite set of parameters 
w — {wi, . . . ,Wp) of L and some unspecified parameters from k. Then 4'{v,x) is equivalent to 
some (/)i(f,w,a;) where <f>i{v,w' ,x) is a formula with free variables {v,w' ,x) merely over some set 
of parameters from k. Hence (j)i is equivalent to a boolean combination of core formulas over k by 
Proposition 14.41 Thus it suffices to prove that a core formula over k with free variables {v^w' ^x) is 
equivalent to a boolean combination of general core formulas after substituting w' with the tuple 
w. It transpires that we have the stronger result that every core formula is equivalent to a finite 
disjunction of general core formulas after substitution, which we now show. 

So let ^p{v, w' , x) be a core formula. We can fix an enumeration {vij : 1 < i < s,l < j < Si, J2i = 
n} of {v,w') such that 

(1) n is the length of {v, w'). 

(2) 7r(uij) = 7r(ufe/) if and only ii i = k. 

(3) Those Vij for which Vij is not in vu' for any j are listed first, i.e. there is a maximum m < s 
such that Vij ^ w' for all z < to. 

(4) For i > t, the w' variables are listed last, i.e. there is a minimum ti < Si such that Vij G w' 
for all i > ti. 

Now ip{v,w',x) looks like 

3A3*_ ei3*_ yi^l^bf ALi AjLi ^^K) = A A^e, = A E(ei, A A(.,j)6e '^^y e^-' ^^i' \ 
'"^ ' '"^ ' V AS{X,y,-f,b,x) J 

for some Q C : 1 < < s} and 5* over k. Substitute w for w' . The resulting formula can 

be simplified by noting that some of the information it expresses is already contained in the theory. 
If A; > TO, then yk = t^{wm) is determined, thus 3yk and such conjuncts can be dropped for k > m. 
Moreover, 3ek can be dropped by replacing the formula with a finite disjunction, where each disjunct 
contains e'j, for Ck and e'j, ranges over the finitely many canonical basis elements of 7r~^(yfe). This 
allows us to make further deletions from each disjunct, namely E(eJ.,yfe) (which trivially holds) and 
AfcieJ,, = Wki for I > tk (because A^; is determined), and we can therefore drop 3Xki- This leaves us 
with the formula 
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e' = (et+i, . . . ,es) 
e'fe e 7r-i(7r(u;fe,)) A E(e'j., 7r(w;fei)) 

for appropriate cf)' which we now determine. Clearly in 

'Pi j (^i J 6j 7 bij , ^ij ) 

if we substitute the parameters e'j^ for k > m then some conjuncts are eliminable; namely those 
4'ki (e'j,, ej, 7fc;) for k,l > m (the theory itself tells us about paths that connect the fibers containing 
these e'j^,e'i). Hence the quantifiers 3bki and 3^ki can also be eliminated from each disjunct. Define 
the sets 

©1 = {(hj) e 6 : 1 < z < m,m < j < s} 82 = {(«, j) e Q : ni< i < s,l < j < m} 

$ = {(i,j) e 6 : 1 < i,j < m} 

Then we have 4>' as the formula 

s ti 2 

/\ /\X,jei^v,jA /\ 0„ a/\ /\ A5'(A,y,7,fe,a;) 

i=m+lj=l i=l (i.j)gei 

where 5" is S with the determined parameters XkuUk^bki and 7^; substituted for the appropriate 
variables. Now re-label, putting /iij = Xi+mj- We see that each disjunct is a general core formula 
as required. □ 

4.3. Constructibility. From now on, we fix an equivariant algebra A, a F-rigid theory Ta and 
model (L, k) of Ta- Proposition 14.51 suggests taking sets of the form 3eC (where C defines a closed 
subset of a cartesian power of fc) as giving us the closed subsets of a topology on the sorts of (L, k) and 
their cartesian powers. As expected, it is possible to prove that all definable subsets are constructible 
after taking some technicalities (adapted suitably from IZil06] ) into account. Namely, given that 
elements of F may occur as parameters in S for some general core formula 3eS, we require some 
formalism dealing with how S transforms under applications of F to basis elements in the fibers. 

Definition 4.4. Let 3eC be a general core formula with C giving a closed subset of k^^ x 1^* x F""^ . 
We define the action of 6 ^ F''^ on C to be 

= {(A,j ,/i,2/,7,^,a) : {^^^>'tj, l^,y,S ■ 'y,b,a) E C} 

where 

5-1=1 lijSj ii,j) e 61 

C is defined to be T -invariant if ~ C for every S £ T^^ . 

The motivation for this definition is as follows. If a tuple (w, w, a) satisfies 3eC, then there are 
A, jj,, e, y, 7, b such that 

S Si 

/\ /\ 7r(wy ) = j/i A AijCi = A E(ei,yi) A (/)A f\ A C(A, /x, y, 7, &, a) 
holds. Put e'; = SiCi for every i. Then one can see that {v,w,a) satisfies 

S Si 

/\ /\ 7r(wjj) = A A-j-e, = A E(e,,2/,) A (/) A /\ (f>ij A C{X' , ^l,y,S ■ -f,b,a) 
i=ii=i (ij)ee 

where A^^ = '^i^^-^ij (5 • 7 is defined as above, only if C"^(A, /i, y, 7, b, a) holds. In particular, if C 
is F-invariant then for any S E T^^ a base change of this kind can be carried out without affecting 
validity. 
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Lemma 4.1. Let 3eCi,3eC2 he general core formulas with the same enumeration of variables. Let 
Ci,C2 he Zariski closed and suppose that C2 V -invariant. Then 

(1) (L, k) 1= 3e(Ci A C2) O 3eCi A BeCa 

(2) 1= 3e(-C2) O -3eC2 

Proof. (1) Left to right is trivial. Conversely, if the right-hand side holds for a tuple a), 
then we may obtain different basis elements e and e' as witnesses to 3eCi and 3eC2 respec- 
tively. But the F-invariance of C2 means that we can transform e' to e without affecting 
validity. So the left-hand side holds. 
(2) Right to left is easy. Conversely, suppose that {v,w,a) satisfies 3e(^C2) and that e is a 
tuple of basis elements witnessing this. If some basis elements e' witness 3eC2 then we can 
transform e' to e, and using the F-invariance of C2 we get a contradiction. 

□ 

Lemma 4.2. If3eS is a general core formula then it is equivalent to a disjunction of general core 
formulas of the type 3e(Ci A ^C2) where Ci, C2 are Zariski closed and C2 is T -invariant. 

Proof. More or less the same as |Zil06| . Fix a tuple a € fc and recall that tp^ (a) denotes the type of 
a in the language of fields. Put 

I](a) = {Ci A ^C2 : (L, k) |= (Ci A ^C2)(a) and C2 is F-invariant} 

Then it suffices to prove (by Propositions 14. 41 and 14. 5p that S(a) |= tp^{a). By quantifier-elimination 
for k and noting that every constructible subset is a disjunction of conjuncts of the kind Ci A ^6*2, it 
remains to prove that Ci, C2 (where Ci A ^6*2 £ tp^{a)) can be replaced with Ci, 6*2 (respectively) 
such that C2 is F-invariant and (L, fc) ^ (Ci A -^02) (Ci A -^€2). Put 

C2= V C| 

Evidently C2 is closed, F-invariant and -^€2 implies ^C2. If (72 G p = tp^{a) then we are done. 
Otherwise ^C2 A C2 E p. Let A be the maximal (hence proper) subset of F''^ consisting of those 5 
such that 

^D^ /\ ^Ci e p 
seA 

A is non-empty because 1 e A. Put 

Stab(A) ^{Se : <5A = A} 
U S ^ Stab(A) then by maximality of A we have ^D^ A -^D ^ p, hence G p. Thus 

(Ser'-2\Stab(A) 

Claim: We have 

(L,fc)h A V ^^'^ V 

<5er'-2\Stab(A) Ser'-2 5eStab(A) 

Proof Suppose that b £ k is such that D^b) holds for every S £ \ Stab(A) and -^D^^{b) holds 
for some 5i £ F*"^. Then £ Stab(A) and the claim follows. □ 

The latter disjunct is clearly equivalent to and implies ^6*2. So we take 

Ci = Ci A A 

5er'-2\Stab(A) 

and replace C2 with I\^^y'-2 ■ The result now follows. □ 

Proposition 4.6. All definable subsets of (L, k) are constructible, namely every definable subset of 
(L, k) is a boolean combination of those defined by general core formulas 3eC where C is Zariski 
closed and T-invariant. 
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Proof. This is almost immediate by Proposition 14.51 and Lemmas 14.11 and 14.21 One has to note, 
additionahy that if we have a general core formula 3eC where C is just closed, we can replace C 
with 

c= y 

to obtain something closed and F-invariant. □ 

5. Model Theory of Equivariant Structures: II 

We conclude our analysis of models of T-rigid Ta by demonstrating that they are Zariski struc- 
tures. Intuitively, by inspection of general core formulas one expects all the relevant properties to be 
verified to reduce predictably to the corresponding properties for algebraic varieties. Vaguely speak- 
ing, the Zariski constructible components 'dominate' the geometry. We fix an equivariant algebra 
A, T-rigid theory Ta and model {L,k) \^ Ta- 

5.1. Topology on (L, k). We introduce a topology on L" x fc™ by taking as a basis of closed subsets 
those subsets that are defined by general core formulas 3eC{v,w,x) {{v,w,x) a tuple of variables 
from L" X fc"*) where C is Zariski closed and T-invariant. Closed subsets are given by finite unions 
and arbitrary intersections of basic closed subsets. Note that if n = 0, then these formulas reduce to 
those of the form C{x) where C defines a Zariski closed subset of fc™. Thus the topology on (L, k) 
gives us the classical Zariski topology on the sort k and its cartesian powers. 

Lemma 5.1. Let 3eCi, 3eC2 be general core formulas defining basic closed subsets and suppose that 
both formulas have the same enumeration of v variables. Then 

{L, k) h 3eCi O 3eC2 ^ {L, k) ^ Ci ^ C2 

Proof. By Lemma [4Tl 3eCi A -'3eC2 is equivalent to 3e{Ci A ^6*2) hence Ci A -^€2 must be incon- 
sistent. The rest of the lemma follows by symmetry. □ 

Although a general core formula 3eS was defined with respect to two tuples of variables v — 
{vi, . . . , Vm) and w = {wi, • • • , Wn), we shall henceforth amalgamate these into one tuple which we 
enumerate as {vij '. I < i < s, 1 < j < Si} where there is t < s for which Vij € w for all i > t. 

Proposition 5.1. The topology defined on {L,k) is Noetherian. 

Proof. Suppose for contradiction that {3eCi : i G N) defines an infinite descending chain of basic 
closed subsets, i.e. we have proper inclusions 3eCi{L,k) D 3eCi+i{L,k) for every i. Because there 
are only finitely many ways of enumerating the variables v as {vij '■ 1 < i < s,l < j < Si}, there are 
infinitely many 3eCi with the same enumeration. Hence we can assume, without loss of generality, 
that all 3eCi have the same enumeration of v variables. By Lemma [4.1) 

3eC,+iiL,k) = {3eC, A 3eC,+i){L,k) = 3e{C^ A C,+i){L,k) 

By Lemma [5.11 it follows that Ci{k) D Ci+i(fc). Because 3eCi{L,k) D 3eCi+i{L, k), Lemma [4.11 
gives that 3e{Ci A ^Ci+i) is satisfiable. Thus we have proper inclusions Ci{k) D Ci+i{k) for every 
i, contradicting that the Zariski topology is Noetherian. □ 

5.2. Finer Results on Projections and Intersections. We now work towards the proof that 
(L, k) is a Zariski structure. A quick glance at the axioms to be verified will indicate that we require 
more detailed results about projections and intersections of subsets defined by general core formulas. 
By the results of the previous chapter, it is immediate that a projection of a constructible set is 
constructible. For a subset defined by a general core formula, we have more. 

Proposition 5.2. Let 3eS be a general core formula with the aforementioned convention on enu- 
meration of variables. For a fixed \ < i < s, let j range over a subset J C {1, . . . , Sj}. Then 3vij3eS 
is a general core formula with Zariski constructible component equivalent to one of the following: 

(1) 3j(z jXijS. 

(2) ^jeJfJ'i-tjS 

(3) 3fii^t,i^(i-tj)eeibi-t,j^(i-tj)i£0il'i-t,j^(k,i-t)i£02bk,i-t^(k,i-t)i£027t-t,kS 
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(4) ^y''^{hk)<i&^^''^{i,k)eelik^u,i)eebji^{j,i)eelji 

^U-t,i)eeibj-t,i^{j-t,i)£eilj~ta^{i,j-t)ee2bi,j~t^{i,j-t)e027i,j-tS 

Proof. The proof divides into four cases: 

(1) l<i<t. 

(2) t+l <i <s. 

(3) t + 1 < i < s and Si — 1. 

(4) l<i<t and Si = 1. 

We deal with each of these in turn. 

(1) In this case the Vij do not occur in (f> and we can ehminate the conjuncts Ay Ci = Uy , thus 
moving the quantifiers BjgjAy to S. 

(2) In this case 3vij3eS is equivalent to 

(t Si 
/\ /\ 7r(uy ) = A AijCj = A E(ei,yj) A 3wij0A f\ (f)ij A S{X, iJ.,y,j,b,a) 
i=l] = l (ij)Ge 

Recall that (p is 

Thus 3vij(f> is equivalent to (^', where the latter is (p but with the conjuncts fj,i-t,js'^—t — ^ij 
removed for j £ J. It follows that we can move the quantifiers Bj^jiJi-tj to S as required. 

(3) This case is similar to 2, but more is eliminable from cj) because we can get rid of the parame- 
ter e-. Hence we can eliminate (/)j_t,fe(e-_t, Cfc, bi_t,k,li-t.k) and (j)k.i-t{ek,e[^t^^k.i-t,lk,%-t)- 
The quantifiers 

3/ii-t,i3(i_tj)gei^i-tj3(i-tj-)gei7i-t,j3(fc,i-t)ee2^fe,i-t3(fc,i-t)ee2 7fe,j-t 

can then be moved to S. 

(4) The most is eliminable in this case. We no longer require E(ei,yi) and those conjuncts (j)jk 
with (j, k) £ Q and j or k equal to i. But we can also eliminate conjuncts from 0, namely 
4>j-t,i for (j — t,i) e 01 and <pi,j-t for — i) € 02- Thus we move the quantifiers 

^yi^(i,k)e0bik'3{Lk)£0lik'3u,i)e0b]i^(j,i)e07]i 
^(j-t,i)eeibj-t,i^(j^t,i)eeilj-t,i^{i,j-t)£02bij^t^{i,j-t)£027i.j-t 

to S. 

□ 

What if two general core formulas defining basic closed subsets of x fc™ each have different 
enumerations of variables, but we wish to determine the intersection of the subsets they define? In 
this case, we require a common enumeration of both formulas and Lemma |4 . 1 1 should apply, providing 
that the resulting Zariski constructible components (after re-enumeration) are F-invariant. 

Lemma 5.2. Let 3eCi, 3eC2 be general core formulas defining basic closed subsets of x fc™. 
Then 3eCi A 3eC2 is equivalent to a general core formula 3eD where D is equivalent to 

2 

A ^p(-^' ^' '7' b,x) A /\ = yj A /\ 6^ = bki A 7^ = -jki 

P=l ap(i4)~i2ap(i,l) (Qp(i,l),Qp(j,l))~i2(Qp(fc,l),ap(i4)) 

for some equivalence relation on {1, ... ,n}. 
Proof. Suppose that 3eCi and 3eC2 have enumerations 

{vij : 1 < j < si, 1 < j < sii} {vij : 1 < i < S2,l < j < S2i} 
respectively. Linearly enumerate the u,j as w = {vi, . . . ,w„). Thus we obtain bijective maps 

: {{hj) : 1 < « < Sp,l < j < SpJ {i,---,n} 
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for p — 1,2. Now introduce the equivalence relations on {1, . . . , n} by 

i^pj^ 7ri{a-\i)) = 7ri{a-\j)) 

where tti is the projection onto the first coordinate. Let denote the symmetric closure of the 
composition ~2 o ~i (hence ~i2 is an equivalence relation). It is easy to see that each refines 
~i2. Each equivalence class [i]i2 of ^12 has a canonical representative (take the smallest i in the 
class) and we let A = {fci, . . . , ks : ki < fc^+i for all i < t} he the set of such representatives. Then 
one can define a map t : {1, . . . ,n} {{i, j) : 1 < i < t,l < j < ti} such that 

(1) 7ri(T(j)) = i if and only if j --12 ki 

(2) 7r2(r(j)) < 7r2(T(/)) if and only if j < f 

where ^2 denotes the projection onto the second coordinate, and this gives us an new enumeration 
of V. 



Claim: For p = 1, 2, 3eCp is equivalent to 



^p 

t ti 



3A3/x3ei373fe 7r(% ) = J/i A XijCi = Vij A E(ei, Ui) A (f> /\ 4>ij A Cp{X, ^, y, 7, b, x) 

\i=i3=i (ij)ee 

where C'p is equivalent to 

Cp(A, y, 7, b,x) A /\ y^ A /\ h,j = bu A = 7fci 

ap(«,l)~l2ap(i,l) (Qp(i,l),Qp(j,l))~i2(Qp(fc4),ap('4)) 

Proof. First we obtain a formula that is equivalent to 3eCp using the linear enumeration of v given 
by Up. Define Cq,p(A, /i, y, 7, 6, x) to be Cp with the variables enumerated as follows: 

(1) 1-^ Aqp(jj) 

(2) y, ^ 2/ap(j,i) 

(3) 7,j 1-^ 7ap(j,l),ap0-,l) 

(4) l-> &Qp(i,l),ap(j,l),fc 

Clearly 3eCp is then equivalent to 



3r=iA3Ai3r=ie,3736 



ALi = 2/» A A,e, = u,; A E(e,, 2/,) A A.^^^- Ci = A </) A A(ij)ee' <^»i 
ACcp (A, /i, y, 7, fe, a;) A A^^^j y» = V] A A(,; j>p(fc,;) = 7fci A 6y = 6w 



where (i,j) (fc, defined to hold if and only if i r^p k and j ~p and Q' is an appropriate 
subset of {(i,j) : 1 < i^j < n}. Now we define Cr-^oa {X, H,y,j,b,x) to be Ca^, but with the 
following enumeration of variables 

(1) Xi ^ Xr(i) 

(2) yi H> 

(3) 7ij i~> 7^j(^(j))_^j(^Q-)) 
(4) 

Because ~p refines ^12, « j implies that 7ri(T(i)) — 7ri(T(j)). So using the enumeration of v 
given by r, we see that the above formula is equivalent to 

(t ti 
/\ /\ TT{vij) =yiA XijCi = A E(ei,2/i) A (f> A f\ (f)ij A C^-ioQp(A, ^, y, 7, 6, x) 
i=ij=i {i,j)ee" 

where Q" is an appropriate subset of {(«, j) : 1 < J < t}. It is easy to see that C^-ioa is equivalent 
to Cp with the exception that some of the yi, bij, ^ij become identified according to ^12, and hence 
the claim follows. □ 

Clearly C'p is also F- invariant, hence by Lemma [4. II we obtain the required result. □ 

By definition of the topology on {L, k), it follows by Lemma [5.21 that all closed subsets are finite 
unions of basic closed subsets. Thus if a closed subset C is irreducible, it is basic closed. 
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5.3. Zariski Structure. Let 3eC be a general core formula defining a basic closed subset. By 
Lemma 15.21 changing the enumeration of the variables can potentially affect C by introducing 
identifications. Hence if 3eC is equivalent to 3eC' where the latter has a different enumeration of 
variables, it is possible that dimC(A:) > dimC"(fc). Sticking to our philosophy (and corroborative 
results) that the geometry on k 'dominates' the geometry on (L, fc), we wish to define the dimension 
of 3eC(L, fc) to be dim C(fc) for suitable C. For this purpose we take the general core formula 3eC 
defining 3eC{L,k) with the finest enumeration of v variables possible; namely such that if 3eC' 
also defines 3eC{L,k) then refines ~c" (with and ^c" defined as in Lemma [5. 2p . Such an 
enumeration is clearly possible because there are only finitely many possible enumerations, and we 
shall call 3eC the canonical presentation of 3eC. 

Definition 5.1. Let 3eC define a closed irreducible subset of L" x fc™. We define the dimension 

of3eC{L,k) to be 

dim3eC(i,fc) := dimC'(fc) 

For3eC{L,k) a closed subset, dim3eC(i,fc) := max{Ci} where Ci are the irreducible components 
of3eC{L,k). If3eS{L,k) is constructive , its dimension is defined to be the dimension of its closure. 

Lemma 5.3. Let 3eC{L, fc) be closed and irreducible. Then C = \l where D defines some closed 
irreducible subset of C{k). 

Proof. Let D be any irreducible component of C. Then V5Gr'^2 is closed and F-invariant. Hence 
3e\J defines a basic closed subset. Because 3eC{L,k) is irreducible, it follows that 3eC{L,k) = 
3e V D^{L, fc) and by Lemma [5. II the result follows. □ 

Lemma 5.4. The notion of dimension defined in Definition I5.il satifies conditions 1 — 5 o/ the 
definition of a Zariski structure fDefinition \Ll\) . 

Proof. For ease of reference, we restate the conditions to be verified: 

(1) The dimension of a point is 0. 

(2) dim(Pi U P2) — maxjdimPi, dimP2} for all projective subsets Pi,P2. 

(3) For C closed and irreducible in X" and Ci a closed subset of C, if Ci 7^ C then dimCi < 
dimC. 

(4) For C irreducible and closed in X", if vr : X" — > X™ is a projection then 

dim C = dim 7r(C) + min dim(7r^"'^(a) H C) 

(5) For any irreducible closed C in X" and projection map tt : X" X™, there is a subset V 
relatively open in 7r(C) such that 

min dim(7r"Va) n C) = dim(7r~^(w) n C) 

aG7r(C) 

for every u e V n 7r(C). 

The conditions on dimensions of points and dimensions of unions are trivial. Let 3eC define an 
irreducible closed subset. By Lemma [5.31 C ^ \/ for some closed irreducible D{k) C C{k). If 
some 3eCi defines a proper closed subset of 3eC{L, fc) then it has the same enumeration of vari- 
ables because both are canonically presented. Thus Ci{k) C C{k) by Lemmas 14.11 and 15.11 But 
then dim(C'i A D^){k) < dim£'''(fc) — dimC'(fc) for some S, hence dimC'i(fc) < dimC'(fc), verifying 
condition 3. 

Now suppose that we have a projection tt : L"i+"2 x L"i x fc"i. Then 7r(3e(7(L, fc)) is 

defined by 3eC' where C — 3zC for some appropriate z Cz k. Thus it remains to prove that 

dimC(fc) — dini3zC(fc) + min dim(C(a, fc)) 

where C{a, fc) — TT~^{a)r)C{k). But this is known for algebraic varieties, thus giving us 4. Condition 
5 is proved similarly. □ 

Theorem 5.1. {L,k) is a Zariski structure. 
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Proof. By Lemnm l5.4[ it remains to establish semi-properness of projection maps, but this is imme- 
diate by constructibihty. □ 

6. More on Equivariant Zariski Structures 

We conclude our investigation of equivariant algebras and their associated structures by con- 
structing a functor nSpec : Equiv(fc)p'' — >■ Zar, where Equiv(fc)r is defined to be the full subcategory 
of Equiv(fc) consisting of those equivariant /c-algebras whose associated theories are F-rigid. Some 
additional remarks on equivariant algebras are made. 

6.1. Functorial Correspondence. We choose a candidate nSpec^ = {L,K) where K is a large 
saturated algebraically closed field. We demonstrate that the following diagram commutes: 

B°P ^ Zar" 

P P 

Equiv(fc)pP ^ Zar 

where B is taken to be the category of commutative affine Hopf fc-algebras, because it is anti- 
equivalent to the category of affine algebraic groups (Appendix |B|) . The reader may wish to review 
the contents of Appendix [B] (in particular Definition IB. 41 and Proposition IB. 1|) before embarking on 
the following results. 

Lemma 6.1. Let H be a Hopf algebra, A a H-module algebra. Suppose that Ai,A2 S A are 
eigenvectors of the action of H on A, i. e. there are characters Xi ■ H ^ k such that 

h-Ai=Xi{h)Ai heH i = 1,2 

Then A1A2 is a H-eigenvector with character x{h) — J2{h) Xi{h')x2(h") for every h E H . 

Proof. Given h ^ H we have 

h ■ (A1A2) = ^(/i' • Ai)(/i" • A2) = ^ xi{h')x2{h")AiA2 

(h) (h) 

as required. □ 

Proposition 6.1. Given a morphism ip : A B in Equiv(fc)r, there is a morphism of Zariski 
structures nSpec Lp : nSpec B — > nSpec A. 

Proof. Let nSpecA = (L^,Va,K), nSpeci? ~ {Lb,Vb,K). Suppose that A is equivariant with 
respect to the Hopf subalgebra H and elements Un, . . . Ui„^ of A. Then there is a Hopf subalgebra 
H' of B such that 

(1) B is equivariant with respect to H' and U21, . . . , U2n2 . 

(2) iy9(Uii) is a monomial in U21, . . . "^2712 for each i. 

(3) ifln-.H^H'. 

Without loss of generality, we can assume that the ip{XJii) occur amongst the U21, . . . , U2„2. Indeed, 
if some ipCUu) does not occur amongst the XJ2j for 1 < j < n2, we can add it to this set of generators 
as a primitive. By Proposition IB. II _B is a i?'-module algebra under the adjoint representation. By 
repeated application of Lemma [6.11 (p{'Uii) is a iJ'-eigenvector because it is generated by the U2j- 
Recall that by the definition of an equivariant algebra (Definition 13. 2p , if H' — {r][, . . . , rj'^^ ) is the 
group associated to B, then for each 1 < j < ^2 there must be a fc < 712 such that vj^ = Vk- Thus 
by adding ip{\Jii) as a generator, we must also add another generator so that this property remains 
satisfied. This can be done because ip{\Jii) is a monomial in the U2j. 

Now we put B' = {(f>{lJii) : 1 < i < ni}. If H is the group associated with A, we put (/>(H) 
as the subgroup of H' generated by those rjj for which U2j € B' . Because ipH '■ H ^ H' , we have a 
corresponding morphism of varieties / : Vb Va- Partition Vb into orbits of (/i(H): 

Vb^ [j 0(H)a; 

a:6A' 
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for some set of representatives A'. The map nSpec(/3 : Lb ^ La is then constructed fiberwise on 
orbits, using an inductive procedure analogous to the proof of Theorem 14. II Let (j){v, w, x) define a 
basic closed subset of nSpec A] thus ((> is of the form 

(S Si 
(i,i)ee 

where C is Zariski closed and F-invariant. 

Claim: Let tta ■ La — > Va (and ttb '■ Lb Vb). The prcimage of (/i(nSpec A) is defined by 

(Ai=i AjLi T^sivij) ^UiA XijCi = Vij A E(ei, j/i)A 
ALi A -Li ^b{w,j) = a M^.ef = A E(e^ zi)A 
A(»j)ee' <^»i ^ <^'(^' A*, V: 7, x) 
where 

(1) e'c{i<j,j <p + s} 

(2) (jj'^j is with the Ui^ replaced with their images under cp. 

(3) C"(A, /u, y, z, 7, 6, x) holds if and only if 

• C(A, /i, /(j/), 7, 6, x) holds in nSpec A. 

• z' = (zi) e .f^^(z) where z = (7rA(e-)). 

Proof. Immediate by construction of nSpec ip. □ 
Because C is closed, the formula in the claim defines a closed set in nSpeci?, as required. □ 
Corollary 6.1. There is a functor nSpec : Equiv(fc)p' — > Zar extending B°'p — > Zar'^. 

Proof. Immediate by Proposition 16.11 We note that if is a commutative affinc Hopf fc-algebra 
then the structure corresponding to 7? is a line bundle tt : L — )• G where G is an affine algebraic 
group. Each fiber Lg — Tr~^{g) is the G-module given by the character Xg ■ G ^ k associated to 
g € G. It is clear that this structure is definably interpretable in fc. □ 

A certain amount of algebraic structure is recoverable from an abstract theory T which 'looks 
like' Ta- If T is formulated in the language 

C = {L, V, fc, TT, E, V,,hj,C ■.l<j <m,l<i< n) 

and satisfies the axioms of Definition 13.41 let F be the free algebra over fc on the generators hj,\Ji. 
A model {L, fc) |= T will be a representation of A = F/I where / is the annihilator of {L,k). By 
Theorem 14. 1[ the algebra A is determined up to the cardinality of the uncountable algebraically 
closed field fc. It need not be the case that T — Ta for some equivariant fc-algebra A. 

Example 6.1. Let A be the k-algebra with generators U, V*^ subject to the relation 

UV = gVU 

where V is invertible and q is a generic parameter. Then A is not equivariant ( it is not even semi- 
equivariant) . Yet there is an abstract theory T satisfying the axioms of Definition's^ from which A 
can be recovered. T is formulated in the language C — (L, V, fc, tt, U, V^^, g), V is the affine line, 

r]v{x) = qx 77v-i(a;) = q^^x 

F = {1} and \yr{y, x) — Av-i (y, x) — y — x. Clearly T is T-rigid. 

Thus the full subcategory of Zar consisting of large saturated models of theories which satisfy 
Definition 13.41 will contain Zariski structures which do not lie in the image of nSpec. An equivalence 
of categories via nSpec does not therefore seem possible. The following conjecture remains open. 

Conjecture 6.1. If A is a non- commutative equivariant algebra then nSpec^ is a non-classical 
Zariski structure. 
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6.2. Quantized Universal Enveloping Algebras. Despite some important examples falling un- 
der the umbrella of equivariant algebras, there are many important algebras which are not equivari- 
ant. There is one such collection of algebras that the author firmly had in mind when formulating 
the mathematics of the previous three chapters; namely the quantized universal enveloping algebras 
at generic parameter. 

Definition 6.1. Let g be a finite- dimensional complex semisimple Lie algebra. Let n be the rank 
of Q, C ~ (uij) the Cartan matrix of q with respect to a choice of Cartan subalgebra f) and simple 



roots ai 



Let q G k be generic, qi = q ' . The quantized enveloping algebra of q over k 



(denoted Uq{Q)) is the k-algebra with generators Ei, Fi, K^^^ , 1 <i<n subject to the relations 



K,F,K. 



(1) K,E,K-'^C'l 

(2) K,K, = K,K,. 

(3) E^Fj - FjEi = Si J . 

(4) The quantized Serre relations: 



E 

1=0 



i-iy 



1 



E 



' ^EjEl ^ 



E (-1)' 



z=o 



I 



F F 







We refer the reader to Appendix |A] for appropriate facts and notation concerning semisimple Lie 
algebras. The presence of the quantized Serre relations (if non-trivial) prevent Uq{g) from being 
semi-equi variant, let alone equivariant. Nevertheless, if we discard the quantized Serre relations, we 
do obtain a semi-equivariant algebra Uq{g): take H — k[Kf^^ : I < i < n] and equip it with the 
group Hopf algebra structure, namely that given by 



A{K,) ^K,®K, e{K,) - 1 S{K,) - Kr^ 

for each i. Then Ei and Fi are eigenvectors of the adjoint action of H on Uq{Q) by 1 and the 
remaining relations satisfied by Ei, Ft in 3 are of the required form. By Proposition 13.11 there is an 
equivariant algebra Uq{g) of which Uq{Q) is an epimorphic image, for which the most likely candidate 
is the /c-algebra subject to the relations 1, 2 and 

(3) [E,,F,]^ ^'~^\ l<z<n 

q-q 

Proposition 6.2. C/^(g) is equivariant and its theory is T -rigid. 

Proof. This is a straightforward generalization of the corresponding result for [/g(s[2(fc)). We shall 
assume for simplicity that g is simply laced (i.e. that di = 1 for all i). Define the vectors a^ = 
{aij, . . . , a„j) for 1 < j < n and put A = Z(ai, . . . a„). Then 11 = q'^ acts on H (by multiplication) 
and the Ei,Fi move between fibers according to this action on the base. Define 

>^Eiiy) = -^fAv) = ^' ^ ^\ y ^ {yi,---yn) i<i<n 



q-q 

Pe, {x, y) = Pf. {x, y)^y^ -X 

Then these maps and polynomials satisfy the required conditions. As with the Uq{5{2{k)) case, we 
have to be careful about picking the roots and for this purpose, we partition (A:*)" into cosets of q^: 

{k*r = U 



q^x 



where A is a set of representatives. For a; G A, choose any y such that y^ — x (i.e. y — (j/i, . . . , ?/„) 
with yf = Xi for every i). If z e g^x then there is a G A such that z = q'^x and we choose the square 
root q'^^^y of z. The associated theory is trivially F-rigid (see the proof of Proposition |4?3]). □ 
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It is unlikely that Uq{Q) itself is equivariant, although the author has been unable to prove this. A 
calculation using the above A^^, Xpi, Pst demonstrates that they do not satisfy EiFj — FjEi — for 
i j. It also does not seem possible that a more sophisticated selection of functions and polynomials 
can rectify this without violating the corresponding relations for (7.1). Nevertheless, that there is an 
epimorphism J7^(g) — ?> Uq{Q) suggests (by a possible generahzation of CoroUarv l6.1|) that a putative 
geometric structure corresponding to U{g) could map to the Zariski structure nSpec?7'(g). 

6.3. Total Equivariance. We isolate a particularly nice class of equivariant algebras with the 
following definition. 

Definition 6.2. An equivariant k-algebra A is totally equivariant if any maximal commutative 
subalgebra has the structure of a Hopf algebra with respect to which A is equivariant. 

Example 6.2. Let O = Oq{{k^)'^) be the quantum 2-torus, i.e. the k-algebra with generators 
U^-'^jV^"'^ subject to the relation 

UV = gVU 

where q is generic. Then Oq is totally equivariant. 

Proof. The algebra Oq is equivariant because C'q((/c^)") is (see Subsection l3.2p . Now any maximal 
commutative subalgebra H must be generated by some cU^ V' and its inverse, where p,q € Ij and 
c E k^ . Thus taking the additional generators 'V~'^XJ^~p, V^~''U~^ and their inverses gives the 
whole of Oq. It is easy to see that these generators are eigenvectors for H under the adjoint action, 
either directly or by use of Lemma 16.11 □ 

A totally equivariant algebra A has many associated Zariski structures, each depending on the 
particular Hopf subalgebra chosen. For those maximal commutative subalgebras which are conju- 
gated by an automorphism of A, there is a corresponding isomorphism of the associated Zariski 
structures by Corollary 16.11 In Example 16.21 one could consider the maximal commutative subal- 
gebras A:[U±i] and fc[V±i]. By total equivariance, there are two corresponding Zariski structures 
nSpec Oq and nSpec Oq respectively. Let tp be the /c-algebra automorphism of Oq given by 

ip(U) = V ip(V) ^ ij-^ 

Then tp is an equivariant automorphism and it follows that there is a corresponding Zariski isomor- 
phism nSpec Oe ~ nSpec O'^ . 

Appendix A. Semisimple Lie Algebras 

We include some fundamental results on semisimple Lie algebras in this appendix primarily for 
the purpose of setting up some notation. We assume that the reader is familiar with the definitions 
of a Lie algebra and Lie algebra representation (in particular the adjoint representation). More 
details can be found in many sources, e.g. |Hum73j . 

A Lie algebra g is said to be semisimple if it has no non-zero abelian ideals. If g is semisim- 
ple it possesses a Cartan subalgebra f), namely a maximal abelian subalgebra consisting of ad- 
semisimple elements. We have an eigenspace decomposition g under the action of ad () called the 
Cartan decomposition: 

= [} ® fla 

where 

(1) ^ = Qo = {x€g: [x, [}] = 0} 

(2) $ consists of roots, namely those a : i) k such that 

ga = {x eg: [x, y] = a{y)y for all y e i)} 



is non-zero. 
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<I> forms a reduced root system in f)*. By the properties of root systems, $ contains a subset 
of positive roots and $ is the disjoint union of $+ and $^ = — $+. There is a basis A of f)* 
consisting of simple roots: 

A = {«!,... a„} C $+ 
Here n = dim^ f) is called the rank of g. The Lie algebra g splits as a direct sum 



called the triangular decomposition of g. 

The Killing form (•,•): g x g fc is the symmetric bilinear form defined by {x, y) = Tr(adx o 
ady). It is g-invariant and non-degenerate. Moreover, the Killing form is non-degenerate when 
restricted to [). The Cartan matrix of g is the n x n matrix C = (uij) with 

Any reduced root system is the sum of irreducible root systems. The latter correspond to simple 
Lie algebras. If g is simple, the simple roots of g fall under the following two cases: 

(1) They are all of the same length (i.e. (a, a) is the same for every simple a), and we are said 
to be in the simply laced case. 

(2) They have two lengths: long and short. 

The form is normalized so that (a, a) ~ 2 for all short roots. With this normalization, the integers 
di = {ai,ai)/2 for 1 < i < n belong to {1,2,3}. Putting D as the diagonal matrix with entries 
di, . . . ,dm the matrix DC is symmetric. 

Appendix B. Hopf Algebras 
More details concerning Hopf algebras can be found in |Kas94] . 
B.l. Coalgebras. Let fc be a field. 

Definition B.l. A coalgebra over k is a triple (C, A, e) where C is a vector space, A : C ^ C (E)C 
and e : C k are linear maps satisfying the following axioms: 
(1) The diagram 

A 



c — 

A 

C(E}C- 



A01 



C(8)C 
C(E}C(E)C 



commutes. 
(2) The diagram 



k®C ■ 



■C ®C ®k 



commutes. 

The maps A and e are called the coproduct and counit of C respectively. 



One obtains the Definition IB . 1 1 bv writing out the definition of a fc- algebra diagrammatically and 
reversing all of the arrows. Let (C, A, e) be a coalgebra. If x S C then A{x) G C ^ C, hence 

A(a;) =yx',<E> x'l 



for some x^,x'l £ C. We adopt the Sweedler notation 

A(x) = ^ a;' (g) x" 

(x) 
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to get rid of the subscripts. 

B.2. Bialgebras and Hopf Algebras. It is possible to have vector spaces which come equipped 
with both an algebra and a coalgebra structure. Naturally these two structures should interact in 
some way, and this leads to the definition of a bialgebra. 

Definition B.2. A bialgebra over k is a quintuple (i?, /i, 77, A, e) where 

(1) {H,fj,,ri) is an algebra. 

(2) {H, A, e) is a coalgebra. 

(3) The maps A and e are algebra homomorphisms. 

Let {H, 11,7], A,e) be a bialgebra. For f,g £ End(iJ), define / * 5 to be the composition of the 
maps 

The resulting map on End(i?) is bilinear and is called the convolution. 

Definition B.3. Let (h, fi,7j. A, e) be a bialgebra. An endomorphism S of H is called an antipode 
for H if 

S*Ih — iH*S — rjoe 
A Hopf algebra is a bialgebra with an antipode. 

Coordinate rings of algebraic groups are important examples of commutative Hopf algebras. If g 
is a Lie algebra, its universal enveloping algebra t/(g) has Hopf algebra structure given by 

A{x) = l(g> X + X (g) 1 e(a;) = s{x) ^ -x 

for every x G U{g). This is a cocommutative Hopf algebra; namely Aor — A where T{x(E)y) = y®x 
for all x,y €z U{q). Quantum groups, like the quantized universal enveloping algebras Uq{Q), are 
neither commutative nor cocommutative. 

B.3. Adjoint representation. Let H he a. Hopf algebra. If a, x and elements of H, define 

a-x^J2 a'xS{a") S{a')xa" 

(a) (a) 

These endow H with the structure of a left- (respectively right-) module over itself and are called the 
left- (respectively right-) adjoint representation of H . These definitions generalize the adjoint 
action of a Lie algebra on itself and the action of a group on itself by conjugation. 

Definition B.4. Let LI be a k-bialgebra. An algebra A is a LL -module algebra if 

(1) A is a H -module. 

(2) The multiplication 11 : A(>^ A A and unit rj : k ^ A of A are morphisms of H -modules. 

In Definition IB. 41 the field k is equipped with 7f-module structure given hy h ■ c — e{h)c for every 
h G H and c G k. The tensor product A(E) A is equipped with the following i/-niodule structure: 

h-{a(g)b)^ A{h){a ® 6) = ^(/i' • a) (g) (h" ■ b) 

(h) 

Proposition B.l. The left (respectively right) adjoint representation of H turns H into a left 
(respectively right) H -module algebra. 

Proof. We prove this for the left adjoint representation; the proof for the right adjoint representation 
being analogous. Firstly, for a,x £ LI we have 

a-r]{l) = ^a'S{a") = e{a)lH 

(a) 
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where 1// is the identity element of H. For a,x,y e H, 

J2{a' ■ x){a" ■ y) = ^ a'a;5(a")a"'2/5(a"") 

(a) (a) 

= ^a'a;e(a")2/5(a"') 

(a) 
(a) 

= a • (a;?/) 

as required. □ 
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